Sur les relations entre la topologie de contact et la dynamique de champs de Reeb by Alves, Marcelo Ribeiro de Resende
On the relationship between contact topology and the
dynamics of Reeb flows
Marcelo Ribeiro de Resende Alves
To cite this version:
Marcelo Ribeiro de Resende Alves. On the relationship between contact topology and the dy-
namics of Reeb flows. Symplectic Geometry [math.SG]. Universite´ Paris-Saclay, 2015. English.
<NNT : 2015SACLS084>. <tel-01287176>
HAL Id: tel-01287176
https://tel.archives-ouvertes.fr/tel-01287176
Submitted on 11 Mar 2016
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
NNT : 2015SACLS084
Université Paris-Saclay
École doctorale de mathématiques Hadamard (EDMH, ED 574)
Établissement d'inscription : Université Paris-Sud
Laboratoire d'accueil :
Laboratoire de mathématiques d'Orsay, UMR 8628 CNRS
THÈSE DE DOCTORAT ÈS MATHÉMATIQUES
Spécialité : Mathématiques fondamentales
Marcelo RIBEIRO DE RESENDE ALVES
Sur les relations entre la topologie de contact et la
dynamique de champs de Reeb
Date de soutenance : 19/11/2015
Après avis des rapporteurs :
M. Alberto ABBONDANDOLO ( Ruhr-Universitat Bochum)
M. Vincent COLIN (Université de Nantes)
Jury de soutenance :
M. Frédéric BOURGEOIS (Université Paris Sud) Directeur de thèse
M. Jérôme BUZZI (Université Paris Sud) Examinateur
M. Vincent COLIN (Université de Nantes) Rapporteur
M. Alexandru OANCEA (Université Pierre et Marie Curie) Président du jury
M. Chris WENDL (University College of London) Examinateur
Universite´ Paris-Sud
Doctoral Thesis
Sur les relations entre la topologie de contact et la
dynamique de champs de Reeb
On the relations between contact topology and dynamics
of Reeb flows
Author:
Marcelo Ribeiro de Resende
Alves
Supervisor:
Dr. Fre´de´ric Bourgeois
A thesis submitted in fulfilment of the requirements
for the degree of Docteur en Mathe´matiques
in the
Equipe de Topologie Et Dynamique
Laboratoire de Mathe´matiques Universite´ Paris-Sud
January 2016

UNIVERSITE´ PARIS-SUD
Abstract
Equipe de Topologie Et Dynamique
Laboratoire de Mathe´matiques Universite´ Paris-Sud
Docteur en Mathe´matiques
Sur les relations entre la topologie de contact et la dynamique de champs
de Reeb
by Marcelo Ribeiro de Resende Alves
In this thesis we study the relations between the contact topological properties of
contact manifolds and the dynamics of Reeb flows.
On the first part of the thesis, we establish a relation between the growth of the
cylindrical contact homology of a contact manifold and the topological entropy of Reeb
flows on this manifold. As a first step towards establishing this relation we prove in
Chapter 5 that if a flow has exponential homotopical growth of periodic orbits then the
topological entropy of this flow is positive. We build on this to show in Chapter 6 that if
a contact manifold (M, ξ) admits a hypertight contact form λ0 for which the cylindrical
contact homology has exponential homotopical growth rate, then the Reeb flow of every
contact form on (M, ξ) has positive topological entropy. Using this result, we exhibit in
Chapter 8 and 9 numerous new examples of contact 3-manifolds on which every Reeb
flow has positive topological entropy.
On Chapter 10 we present a joint result with Chris Wendl that gives a dynamical
obstruction for contact 3-manifold to be planar. We then use the obstruction to show
that a contact 3-manifold that possesses a Reeb flow that is a transversely orientable
Anosov flow, cannot be planar.
On Chapter 11 we study the topological entropy for Reeb flows on spherizations.
The result we obtain is a refinement of a result of Macarini and Schlenk [36], that states
that every Reeb flow on the unit tangent bundle (T1S, ξgeo) of a high genus surface S has
positive topological entropy. We show that for any Reeb flow on (T1S, ξgeo), the ω-limit
of almost every Legendrian fiber is a compact invariant set on which the dynamics has
positive topological entropy.
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Docteur en Mathe´matiques
Sur les relations entre la topologie de contact et la dynamique de champs
de Reeb
by Marcelo Ribeiro de Resende Alves
L’objectif de cette the`se est d’investiguer les relations entre les proprie´te´s topologiques
d’une varie´te´ de contact et la dynamique des flots de Reeb dans la varie´te´ de contact en
question.
Dans la premie`re partie de la the`se, nous e´tablissons une relation entre la croissance
de la homologie de contact cylindrique d’une varie´te´ de contact et l’entropie topologique
des flots de Reeb dans cette varie´te´ de contact. Nous demontrons, dans le chapitre 6, que
si la varie´te´ de contact (M, ξ) posse`de une forme de contact hipertendu λ0 pour lequel
la homologie de contact a une croissance homotopique exponentielle, alors tous les flots
de Reeb dans (M, ξ) ont entropie tologique positive. Nous utilisons ce resultat dans les
chapitres 8 et 9 pour montrer l’existence d’un grande nombre des nouvelles varie´te´s de
contact de dimension 3 dans lequelles tous les flots de Reeb ont entropie topologique
positive.
Dans le chapitre 10, nous prouvons un re´sultat obtenu en collaboration avec Chris
Wendl qui donne une obtruction dynamique pour q’une varie´te´ de contact de dimension
3 soit planaire. Cette obstruction est utilise´e pour montrer que, si une varie´te´ de contact
de dimension 3 posse`de un flot de Reeb qui est uniformement hyperbolique (Anosov)
avec varie´te´s invariantes traversalement orientables, alors cette varie´te´ de contact n’est
pas planaire.
Dans le chapitre 11, nous e´tudions l’entropie topologique des flots de Reeb dans les
fibre´s unitaires des surfaces de genre plus grand que 1. Nous obtenons le raffinement d’un
re´sultat duˆ a` Macarini et Schlenk, qui ont montre´ que les flots de Reeb dans les fibre´s
unitaires (T1, ξgeo) d’une surface de genre plus grand que 1 ont entropie topologique
positive. Nous montrons que la restriction de chaque flot de Reeb en (T1, ξgeo) au
ensemble ω-limite de presque toute fibre unitaire a une entropie topologique positive.
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Chapter 1
Introduction and main results
1.1 Topological entropy of Reeb flows
In this thesis we study relations between contact topology and dynamics of Reeb flows.
One of the main results of this thesis is the proof of a relation between the behaviour of
cylindrical contact homology and the topological entropy of Reeb flows. The topological
entropy is a non-negative number associated to a dynamical system which measures the
complexity of the orbit structure of the system. Positivity of the topological entropy
means that the system possesses some type of exponential instability. We show that if
the cylindrical contact homology of a contact 3-manifold is “complicated enough” from
a homotopical viewpoint, then every Reeb flow on this contact manifold has positive
topological entropy.
1.1.1 Basic definitions and history of the problem
We study the topological entropy of Reeb flows from the point of view of contact topol-
ogy. More precisely, we search for conditions on the topology of a contact manifold
(M, ξ) that force all Reeb flows on (M, ξ) to have positive topological entropy. The con-
dition we impose is on the behaviour of a contact topological invariant called cylindrical
contact homology. We show that if a contact manifold (M, ξ) admits a contact form λ0
for which the cylindrical contact homology has exponential homotopical growth, then all
Reeb flows on (M, ξ) have positive topological entropy.
The notion of exponential homotopical growth of cylindrical contact homology,
which is introduced in this paper, differs from the notion of growth of contact homology
studied in [13, 43]. For reasons explained in Chapters 5 and 6, the growth of contact
homology is not well adapted to study the topological entropy of Reeb flows, while the
1
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notion of homotopical growth rate is (as we show) well suited for this purpose. We begin
by explaining the results which were previously known relating the behaviour of contact
topological invariants to the topological entropy of Reeb flow.
The study of contact manifolds all of whose Reeb flows have positive topological
entropy was initiated by Macarini and Schlenk [36]. They showed that if Q is an energy
hyperbolic manifold and ξgeo is the contact structure on the unit tangent bundle T1Q
associated to the geodesic flows, then every Reeb flow on (T1Q, ξgeo) has positive topo-
logical entropy. Their work was based on previous ideas of Frauenfelder and Schlenk
[22, 23] which related the growth rate of Lagrangian Floer homology to entropy invari-
ants of symplectomorphisms. The strategy to estimate the topological used in [36] can
be briefly sketched as follows:
Exponential growth of Lagrangian Floer homology of the tangent fiber (TQ)|p
⇒
Exponential volume growth of the unit tangent fiber (T1Q)|p for all Reeb flows in
(T1Q, ξgeo)
⇒
Positivity of the topological entropy for all Reeb flows in (T1Q, ξgeo).
To obtain the first implication Macarini and Schlenk use the fact that (T1Q, ξgeo) has
the structure of a Legendrian fibration, and apply the geometric idea of [22, 23] to show
that the number of trajectories connecting a Legendrian fiber to another Legendrian
fiber can be used to obtain a volume growth estimate. The second implication in this
scheme follows from Yomdin’s theorem, that states that exponential volume growth of
a submanifold implies positivity of topological entropy. 1
In [3, 4] this approach was extended by the author to deal with 3-dimensional
contact manifolds which are not unit tangent bundles. This was done by designing a
localised version of the geometric idea of [22, 23]. Globally most contact 3-manifolds
are not Legendrian fibrations, but a small neighbourhood of a given Legendrian knot in
any contact 3-manifold can be given the structure of a Legendrian fibration. It turns
out that this is enough to conclude that if the linearised Legendrian contact homology
of a pair of Legendrian knots in a contact 3-manifold (M3, ξ) grows exponentially, then
the length of these Legendrian knots grows exponentially for any Reeb flow on (M3, ξ).
We then apply Yomdin’s theorem to obtain that all Reeb flows on (M3, ξ) have positive
topological entropy.
1The same scheme was used in [21, 24] to obtain positive lower bounds for the intermediate and slow
entropies of Reeb flows on unit tangent bundles; we discuss these results in more detail in section 7.
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One drawback of these approaches is that they only give lower entropy bounds for
C∞-smooth Reeb flows. The reason is that Yomdin’s theorem holds only for C∞-smooth
flows. The approach presented in the present paper does not use Yomdin’s theorem
and gives lower bounds for the topological entropy of C1-smooth Reeb flows.
Another advantage is that the cylindrical contact homology is usually easier to
compute than the linearised Legendrian contact homology. In fact, to apply the strategy
of [3, 4] to a contact 3-manifold (M3, ξ) one must first find a pair of Legendrian curves
which, one believes, “should” have exponential growth of linearised Legendrian contact
homology. This is highly non-trivial since on any contact 3-manifolds there exist many
Legendrian links for which the linearised Legendrian contact homology does not even
exist. On the other hand the definition of cylindrical contact homology only involves
the contact manifold (M3, ξ), and no Legendrian submanifolds.
1.1.2 Cylindrical contact homology and topological entropy
Our results are inspired by the philosophy that a “complicated” topological structure
can force chaotic behavior for dynamical systems associated to this structure. Two
important examples of this phenomena are: the fact that on manifolds with complicated
loop space the geodesic flow always has positive topological entropy (see [38]), and
the fact that every diffeomorphism of a surface which is isotopic to a pseudo-Anosov
diffeomorphism has positive topological entropy [18].
To state our results we introduce some notation. Let M be a manifold and X be
a Ck (k ≥ 1 ) vector field. Our first result relates the topological entropy of φX to the
growth (relative to T ) of the number of distinct homotopy classes which contain periodic
orbits of φX with period ≤ T . More precisely let ΛTX be the set of free homotopy classes
of M which contain a periodic orbit of φX with period ≤ T . We denote by NX(T ) the
cardinality of ΛTX .
Theorem 5.1. If for real numbers a > 0 and b we have NX(T ) ≥ eaT+b, then htop(X) ≥
a.
Theorem 5.1 might be a folklore result in the theory of dynamical systems. How-
ever as we have not found it in the literature, we provide a complete proof in Chapter 5.
It contains as a special case Ivanov’s inequality for surface diffeomorphisms (see [31]).
Our motivation for proving this result is to apply it to Reeb flows. Contact homology
allows one to carry over information about the dynamical behaviour of one special Reeb
flow on a contact manifold to all other Reeb flows on the same contact manifold. In hap-
ter 6 we introduce the notion of exponential homotopical growth of cylindrical contact
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homology. As we already mentioned, this growth rate differs from the ones previously
considered in the literature and is specially designed to allow one to use Theorem 5.1
to obtain results about the topological entropy of Reeb flows. This is made via the
following:
Theorem 6.1 Let λ0 be a hypertight contact form on a contact manifold (M, ξ) and
assume that the cylindrical contact homology CHJ0cyl(λ0) has exponential homotopical
growth with exponential weight a > 0. Then for every Ck (k ≥ 2) contact form λ on
(M, ξ) the Reeb flow of Xλ has positive topological entropy. More precisely, if fλ is the
unique function such that λ = fλλ0, then
htop(Xλ) ≥ a
max fλ
. (1.1)
Notice that Theorem 6.1 allows us to conclude the positivity of the topological
entropy for all Reeb flows on a given contact manifold (M, ξ), once we show that (M, ξ)
admits one special hypertight contact form for which the cylindrical contact homology
has exponential homotopical growth. It is worth remarking that our proof of Theorem
6.1 is carried out in full rigor, and does not make use of the Polyfold technology which
is being developed by Hofer, Wysocki and Zehnder. The reason is that we do not use
the linearised contact homology considered in [9, 43], but resort to a topological idea
used in [30] to prove existence of Reeb orbits in prescribed homotopy classes.
Theorem 6.1 above allows one to obtain estimates for the topological entropy for
C1-smooth Reeb flows. As previously observed, the strategy used in [3, 4, 36] produces
estimates for the topological entropy only for C∞-smooth contact forms as they depend
on Yomdim’s theorem, which fails for finite regularity.
Our other results are concerned with the existence of examples of contact mani-
folds which have a contact form with exponential homotopical growth rate of cylindrical
contact homology. We show that in dimension 3 they exist in abundance, and it follows
from Theorem 6.1 that every Reeb flow on these contact manifolds has positive topolog-
ical entropy. In Chapter 8 we construct such examples for manifolds with a non-trivial
JSJ decomposition and with a hyperbolic component that fibers over the circle.
Theorem 8.1. Let M be a closed connected oriented 3-manifold which can be cut along
a nonempty family of incompressible tori into a family {Mi, 0 ≤ i ≤ k} of irreducible
manifolds with boundary, such that the component M0 satisfies:
• M0 is the mapping torus of a diffeomorphism h : S → S with pseudo-Anosov
monodromy on a surface S with non-empty boundary.
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Then M can be given infinitely many non-diffeomorphic contact structures ξk, such that
for each ξk there exists a hypertight contact form λk on (M, ξk) which has exponential
homotopical growth of cylindrical contact homology.
In Chapter 9 we study the cylindrical contact homology of contact 3-manifolds
(M, ξ(q,r)) obtained via a special integral Dehn surgery on the unit tangent bundle
(T1S, ξgeo) of a hyperbolic surface (S, g). This Dehn surgery is performed on a neigh-
bourhood of a Legendrian curve Lr which is the Legendrian lift of a separating geodesic.
The surgery we consider is the contact version of Handel-Thurston surgery which was
introduced by Foulon and Hasselblatt in [20] to produce non-algebraic Anosov Reeb
flows in 3-manifolds. We call this contact surgery the Foulon-Hasselblatt surgery. This
surgery produces not only a contact 3-manifold (M, ξ(q,r)), but also a special contact
form which we denote by λFH on (M, ξ(q,r)). In [20] the authors restrict their attention
to integer surgeries with positive surgery coefficient q and prove that, in this case, the
Reeb flow of λFH is Anosov. Our methods work also for negative coefficients as the
Anosov condition on λFH does not play a role in our results. We obtain:
Theorem 9.5. Let (M, ξ(q,r)) be the contact manifold endowed obtained by the Foulon-
Hasselblatt surgery, and λFH be the contact form obtained via the Foulon-Hasselblat
surgery on the Legendrian lift Lr ⊂ T1S. Then λFH is hypertight and its cylindrical
contact homology has exponential homotopical growth.
Remark: We again would like to point out that all the results above do not de-
pend on the Polyfolds technology which is being developed Hofer, Wysocki and Zehnder.
This is the case because the versions of contact homology used for proving the results
above involve only somewhere injective pseudoholomorphic curves. In this situation
transversality can be achieved by “classical” perturbation methods as in [14].
1.2 A dynamical obstruction to planarity of contact 3-
manifolds
In chapter 10 we prove a result, that was obtained in collaboration with Chris Wendl,
and which gives a dynamical obstruction for a contact 3-manifold to be planar. Our
result is the following:
Theorem 10.11. Let (M, ξ) be a planar contact 3-manifold and λ̂ a non-degenerate
contact form on (M, ξ). Then the Reeb flow of λ̂ either has a Reeb orbit with odd index
or a contractible orbit.
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The conclusion is that to prove that a contact 3-manifold is not planar it suffices to
prove that it has a contact form whose Reeb flow has no contractible Reeb orbits and no
odd Reeb orbits. In particular, this implies that if a contact 3-manifold admits a contact
form whose Reeb flow is a transversely orientable Anosov flow then this contact manifold
is not planar. In [20] the authors construct infinitely many examples of hyperbolic 3-
manifolds M that admit a contact structure with a transversely orientable Anosov Reeb
flow. Combining this with our result we obtain infinitely many examples of non-planar
contact 3-manifolds (M, ξ) where M is hyperbolic.
Planar contact manifolds are an interesting class of contact manifolds from a
topological point of view. For example, by a result of Etnyre [17] every overtwisted
contact 3-manifold is planar. In the same paper, Etnyre also proved that there exist
contact 3-manifolds which are not planar. For example, he showed that the unit tangent
bundle (T1S, ξgeo) of a higher genus surface S endowed with the contact structure ξgeo
associated to geodesic flows is not planar. Theorem 10.11 gives a new proof of this result
since (T1S, ξgeo) admits a contact form whose Reeb flow is a transversely orientable
Anosov flow.
It is worth remarking that all known examples of Anosov Reeb flows on 3-dimensional
contact manifolds are transversely orientable. In this case, as observed above, Theorem
10.11 implies that the underlying contact 3-manifolds are not planar. This motivates
the following question:
Question: Can a contact 3-manifold that admits an Anosov Reeb flow be planar?
1.3 Asymptotic detection of topological entropy via chords
In Chapter 11 we study the dynamics on ω-limit sets of Legendrian fibers of unit tangent
bundles of higher genus surfaces. Our main result is that these ω-limits are invariant
sets which “generically” contain positive topological entropy. More precisely, our main
result is the following
Theorem 11.4. Let λ be a contact form on the unit tangent bundle (T1S, ξgeo) of a
surface S with genus ≥ 2. Let λghyp be a contact form on (T1S, ξgeo) whose Reeb flow is
the geodesic flow of a hyperbolic metric ghyp on S, and fλ be the function that satisfies
λ = fλλghyp . Then for every p in the full µhyp-measure set Uλ, the topological entropy
htop(φXλ |ωλ(Lp)) of the restriction of the Reeb flow φXλ to ωλ(Lp) is ≥ aSmax fλ , where
aS > 0 is a constant that depends only on S.
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This result may be seen as an improvement of the result obtained in [36]. In [36] it
was proved that every Reeb flow on the unit tangent bundles (T1S, ξgeo) of higher genus
surfaces has positive topological entropy. Theorem 11.4 can then be seen as a refinement
of this result, as it shows that if flowing almost any unit tangent fiber of T1S by a Reeb
flow φλ on (T1S, ξgeo), we detect asymptotically a compact set invariant by φλ on which
the topological entropy is positive.
Theorem 11.4 combined with the techniques used by Katok [33] implies that if
S has genus ≥ 2, then for any contact form λ on (T1S, ξgeo) and almost every point
p ∈ S, the number of distinct Reeb orbits of action ≤ T contained in ωλ(Lp) grows
exponentially with T .
Chapter 2
Basic concepts in contact
geometry and dynamics
2.1 Basic definitions from contact geometry
In this thesis we study dynamical properties of Reeb flows on contact manifolds. We
start by recalling some basic concepts from contact geometry and dynamical systems
which are central for this thesis.
A contact manifold is a pair (Y, ξ), where Y is a compact odd dimensional manifold
and ξ, called the contact structure, is a“totally” non-integrable distribution of planes on
Y . The total non-integrability condition means that for every locally defined 1-form ζ
such that ξ = ker(ζ) we have that ζ ∧ (dζ)n 6= 0, where 2n + 1 is the dimension of Y .
When there exists a globally defined 1-form λ such that ker(λ) = ξ we call λ a contact
form associated to the contact manifold (Y, ξ), and say that (Y, ξ) is a co-orientable
contact manifold. In this thesis we only study co-orientable contact manifolds, and from
now on, every time we write contact manifold we actually mean co-orientable contact
manifold.
Given a contact manifold (Y, ξ), there are many different contact forms associated
to it. To see this, let λ be a contact form associated to (Y, ξ). Then for every positive
function f : Y → R, fλ is also a contact form associated to (Y, ξ).
To a contact form λ, we can associate a vector field Xλ, that we call its Reeb vector
field, and that is completely characterised by the following 2 conditions:
8
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iXλdλ = 0, (2.1)
λ(Xλ) = 1. (2.2)
The Reeb flow of λ is the flow of the vector field Xλ.
Among the submanifolds of a contact manifold a special important class is that
of Legendrian submanifolds. An isotropic submanifold of (Y, ξ) is a submanifold L of Y
whose tangent space is contained in ξ for all points of L. The Legendrian submanifolds of
(Y, ξ) are the isotropic submanifolds of (Y, ξ) which have the maximal possible dimension.
It turns out, that for 2n+ 1-dimensional contact manifolds, that this maximal possible
dimension is n, and therefore the Legendrian submanifolds are the isotropic submanifolds
of dimension n.
There are two special types of trajectories of Reeb flows that have played a central
role in the study of contact topology and dynamics of Reeb vector fields. One of them
are the periodic orbits of a given Reeb flow, which we call Reeb orbits. The other are
the trajectories of a Reeb flow which start in a Legendrian submanifold L and end in a
Legendrian submanifold L̂ (notice that L and L̂ might coincide); these trajectories are
called Reeb chords from L to L̂. Given a Reeb orbit γ of the Reeb flow of λ, we define its
action to be A(γ) :=
∫
γ λ; it follows from equation 1.2 above that A(γ) coincides with
the period of γ. Analogously, for a Reeb chord c of the Reeb flow of λ, we define its
action to be A(c) :=
∫
c λ; like for Reeb orbits the action of c coincides with the “period”
of the trajectory c. Following terminology widely used in the literature, a contact form
λ is called hypertight when it doesn’t have any contractible Reeb orbits. Lastly, a Reeb
orbit γ is said to be non-degenerate when 1 is not an eigenvalue of the linearisation
Dφ
A(c)
Xλ
|ξ of the Poincare´ return map associated to the γ; and a Reeb chord c is said to
be transverse if the intersection φ
A(c)
Xλ
(L) ∩ L̂ is transverse at the endpoint of c.
We introduce some notation. Given a contact form λ on a contact manifold we
will denote by Pλ the set of Reeb orbits of the Reeb flow of λ. If ρ is a free homotopy
class of loops in the manifold Y we will denote by Pρλ the set of Reeb orbits of λ which
belong to the homotopy class ρ. Analogously, we let Xλ(L→ L̂) denote the set of Reeb
chords of λ from L to L̂. If % denotes a homotopy class of paths in Y starting in L and
ending in L̂, we denote by X %λ (L → L̂) the set of Reeb chords of λ from L to L̂ which
belong to the homotopy class %.
One important feature of Reeb flows is that they appear in many different models
of mathematical physics. For instance, every Reeb flow appears as the restriction to an
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energy level, of some Hamiltonian flow in a (possibly non-compact) symplectic manifold
(see [25]). One important example of this relation between Reeb flows and Hamiltonian
flows is seen in the case of geodesic flows. For any Riemannian metric on a compact
manifold Q, the restriction of its geodesic flow to the unit tangent bundle T1Q of Q is a
Reeb flow.
More recently, Etnyre and Ghrist showed in [16] that 3-dimensional Reeb flows
also appear in the context of hydrodynamical 3-dimensional flows. Beltrami flows are an
important special class of hydrodynamical flows. Etnyre and Ghrist showed that every
Reeb flow in a 3-dimensional contact manifold is the reparametrization of some Beltrami
flow; they also showed that every Beltrami flow is the reparametrization of some Reeb
flow. therefore the classes of Beltrami and Reeb flows are equivalent from a dynamical
perspective.
These relations to the field of mathematical physics also justifies the study of the
dynamical properties of Reeb vector fields, as this study might also have impact in this
field.
2.2 Some basic concepts in dynamical systems
2.2.1 Topological entropy of dynamical systems
The topological entropy is an important invariant of dynamical systems, which was
introduced in the 1960’s by Adler, Kronheim and McAndrew. It codifies, in a single
non-negative number, how chaotic a dynamical system is; it is widely accepted that
a dynamical system with positive topological entropy presents some kind of chaotic
behaviour.
We present the following definition, which is valid for dynamical systems in com-
pact metric spaces and is due to Bowen [12]. Consider a smooth compact manifold V
with a non-vanishing vector field X that generates a flow φX . We endow V with an
auxiliary Riemannian metric g, whose associated metric on V we denote by dg.
Let T and δ be positive real numbers. A set S is said to be T, δ-separated if for
all q1 6= q2 ∈ S we have:
max
t∈[0,T ]
dg(φ
t
X(q1), φ
t
X(q2)) > δ. (2.3)
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We denote by nT,δ the maximal cardinality of a T, δ-separated set for the flow φX . Then
we define the δ-entropy hδ(φX) as:
hδ(φX) = lim sup
T→+∞
log(nT,δ)
T
(2.4)
The topological entropy htop is then defined by
htop(φX) = lim
δ→0
hδ(φX). (2.5)
One can prove that the topological entropy does not depend on the metric dg but only
on the topology determined by the metric. For these and other structural results about
topological entropy we refer the reader to any standard textbook in dynamics such as
[34] and [40].
The definition of topological entropy is quite involved and it is usually quite diffi-
cult to compute or even estimate the topological entropy for a given dynamical system.
To motivate such difficult attempts to estimate or compute this quantity, we present one
striking consequence of positivity of topological entropy for low-dimensional dynamical
systems:
Theorem 2.1. Katok [33]. Let X be a C1+δ (δ > 0) vector field on a smooth 3-
dimensional M , whose flow φX has positive topological entropy htop(φX). Then there
exists a hyperbolic periodic orbit x of X, whose stable and unstable manifold have a
transverse intersection, i.e. a transverse homoclinic intersection. Consequently there is
an invariant set Ω for the flow φX , such that the dynamics of the restriction of φX to
Ω is topologically conjugate to a subshift of finite type and htop(φX |Ω) > 0.
The theorem above means that simply the non-vanishing of htop for a given flow
φX on a 3-dimensional manifold implies that this flow has complicated orbit structure.
For example, for a given number T > 0, let P hypX (T ) be the number of hyperbolic periodic
orbits of φX with period smaller then T . As a consequence of the Theorem above we
have the following corollary also due to Katok:
Corollary 2.2. If the flow φX of a vector field X on a 3-manifold M has positive
topological entropy, then we have the following lower bound:
lim sup
T→+∞
log(P hypX (T ))
T
> 0. (2.6)
This means that positivity of topological entropy for these flows implies that they
have infinitely many isolated periodic orbits. Only these results suffice, in my opinion,
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to justify the study of the topological entropy for Reeb flows in 3-dimensional contact
manifolds
2.2.2 ω-limits of submanifolds and chords
Let M denote a compact smooth manifold, L and L′ be disjoint compact submanifolds
of M and X be a smooth vector field on M . We will denote by φX the flow generated
by the vector field X.
A pair (ĉ, T̂ ) is called an X-chord from L to L′, when ĉ : [0, T̂ ] → M is a
parametrized trajectory of the flow φX , such that ĉ(0) ∈ L and ĉ(T̂ ) ∈ L′.
Given any submanifold L of M , its ω-limit ωX(L) is defined as
ωX(L) := {x ∈M | ∃ a sequence xn ∈ L and tn → +∞ such that lim
n→+∞φ
tn
X (xn) = x}.
(2.7)
It is straightforward to check that the set ωX(L) is compact and invariant by the flow
φX .
Chapter 3
Pseudoholomorphic curves
3.1 Almost complex structures in symplectizations and
symplectic cobordisms
We start by recalling some concepts needed to define pseudoholomorphic curves in sym-
plectizations and symplectic cobordisms.
3.1.1 Cylindrical almost complex structures
Let (Y, ξ) be a contact manifold and λ a contact form on (Y, ξ). The symplectization
of (Y, ξ) is the product R × Y with the symplectic form d(esλ) (where s denotes the
R coordinate in R × Y ). dλ restricts to a symplectic form on the vector bundle ξ
and it is well known that the set j(λ) of dλ-compatible almost complex structures on
the symplectic vector bundle ξ is non-empty and contractible. Notice, that if Y is
3-dimensional the set j(λ) doesn’t depend on the contact form λ associated to (Y, ξ).
For j ∈ j(λ) we can define an R-invariant almost complex structure J on R × Y
by demanding that:
J∂s = Xλ, J |ξ= j (3.1)
We will denote by J (λ) the set of almost complex structures in R × Y that are R-
invariant, d(esλ)-compatible and satisfy the equation (16) for some j ∈ j(λ).
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3.1.2 Exact symplectic cobordisms with cylindrical ends
An exact symplectic cobordism is, intuitively, an exact symplectic manifold (W,$) that
outside a compact subset is like the union of cylindrical ends of symplectizations. We
restrict our attention to exact symplectic cobordisms having only one positive end and
one negative end.
Let (W,$ = dκ) be an exact symplectic manifold without boundary, and let
(Y +, ξ+) and (Y −, ξ−) be contact manifolds with contact forms λ+ and λ−. We say
that (W,$ = dκ) is an exact symplectic cobordism from λ+ to λ− when there exist
subsets W−, W+ and Ŵ of W and diffeomorphisms Ψ+ : W+ → [0,+∞) × Y + and
Ψ− : W− → (−∞, 0]× Y −, such that:
Ŵ is compact, W = W+ ∪ Ŵ ∪W− and W+ ∩W− = ∅, (3.2)
(Ψ+)∗(esλ+) = κ and (Ψ−)∗(esλ−) = κ
In such a cobordism, we say that an almost complex structure J is cylindrical if:
J coincides with J+ ∈ J (C+λ+) in the region W+ (3.3)
J coincides with J− ∈ J (C−λ−) in the region W− (3.4)
J is compatible with $ in Ŵ (3.5)
where C+ > 0 and C− > 0 are constants.
For fixed J+ ∈ J (C+λ+) and J− ∈ J (C−λ−), we denote by J (J−, J+) set of
cylindrical almost complex structures in (R× Y,$) coinciding with J+ on W+ and J−
on W−. It is well known that J (J−, J+) is non-empty and contractible. We will write
λ+ ex λ− when there exists an exact symplectic cobordism from λ+ to λ− as above.
We remind the reader that λ+ ex λ and λ ex λ− implies λ+ ex λ−; or in other
words that the exact symplectic cobordism relation is transitive; see [10] for a detailed
discussion on symplectic cobordisms with cylindrical ends. Notice that a symplectization
is a particular case of an exact symplectic cobordism.
Remark: we point out to the reader that in many references in the literature, a
slightly different definition of cylindrical almost complex structures is used: instead
of demanding that J satisfies equations (18) and (19), the stronger condition that
J coincides with J± ∈ J (λ±) in the region W± is demanded. We need to consider
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this more relaxed definition of cylindrical almost complex structures when we study the
cobordism maps of cylindrical contact homologies in section 3.3.
3.1.3 Splitting symplectic cobordisms
Let λ+, λ and λ− be contact forms on (Y, ξ) such that λ+ ex λ, λ ex λ−. For  > 0
sufficiently small, it is easy to see that one also has λ+ ex (1+ )λ and (1− )λ ex λ−.
Then, for each R > 0, it is possible to construct an exact symplectic form $R = dκR on
W = R× Y where:
κR = e
s−R−2λ+ in [R+ 2,+∞)× Y, (3.6)
κR = f(s)λ in [−R,R]× Y, (3.7)
κR = e
s+R+2λ− in (−∞,−R− 2]× Y, (3.8)
and f : [−R,R] → [1 − , 1 + ], satisfies f(−R) = 1 − , f(R) = 1 +  and f ′ > 0. In
(R× Y,$R) we consider a compatible cylindrical almost complex structure J˜R; but we
demand an extra condition on J˜R:
J˜R coincides with J ∈ J (λ) in [−R,R]× Y. (3.9)
Again we divide W in regions: W+ = [R+2,+∞)×Y , W (λ+, λ) = [R,R+2]×Y ,
W (λ) = [−R,R] × Y , W (λ, λ−) = [−R − 2,−R] × Y and W− = (−∞,−R − 2] × Y .
The family of exact symplectic cobordisms with cylindrical almost complex structures
(R× Y,$R, J˜R) is called a splitting family from λ+ to λ− along λ.
3.2 Pseudoholomorphic curves
Let (S, i) be a closed connected Riemann surface without boundary, Γ ⊂ S be a finite
set. Let λ be a contact form in (Y, ξ) and J ∈ J (λ). A finite energy pseudoholomorphic
curve in the symplectization (R×Y, J) is a map w˜ = (r, w) : S \Γ→ R×Y that satisfies
∂J(w˜) = dw˜ ◦ i− J ◦ dw˜ = 0 (3.10)
and
0 < E(w˜) = sup
q∈E
∫
S\Γ
w˜∗d(qλ) (3.11)
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where E = {q : R → [0, 1]; q′ ≥ 0}. The quantity E(w˜) is called the Hofer energy and
was introduced in [27]. The operator ∂J above is called the Cauchy-Riemann operator
for the almost complex structure J .
For an exact symplectic cobordism (W,$) from λ+ to λ− as considered above, and
J ∈ J (J−, J+) a finite energy pseudoholomorphic curve is again a map w˜ : (S \Γ→W
satisfying:
dw˜ ◦ i = J ◦ dw˜, (3.12)
and
0 < Eλ−(w˜) + Ec(w˜) + Eλ+(w˜) < +∞, (3.13)
where:
Eλ−(w˜) = supq∈E
∫
w˜−1(W−)) w˜
∗d(qλ−),
Eλ+(w˜) = supq∈E
∫
w˜−1(W+) w˜
∗d(qλ+),
Ec(w˜) =
∫
w˜−1W (λ−,λ+) w˜
∗$.
These energies were also introduced in [27].
In splitting symplectic cobordisms we use a slightly modified version of energy.
Instead of demanding 0 < E−(w˜) + Ec(w˜) + E+(w˜) < +∞ we demand:
0 < Eλ−(w˜) + Eλ−,λ(w˜) + Eλ(w˜) + Eλ,λ+(w˜) + Eλ+(w˜) < +∞ (3.14)
where:
Eλ(w˜) = supq∈E
∫
w˜−1W (λ) w˜
∗d(qλ),
Eλ−,λ(w˜) =
∫
w˜−1(W (λ−,λ)) w˜
∗$,
Eλ,λ+(w˜ =
∫
w˜−1(W (λ,λ+)) w˜
∗$,
and Eλ−(w˜) and Eλ+(w˜) are as above.
The elements of the set Γ ⊂ S are called punctures of the pseudoholomorphic w˜.
The work of Hofer et al. [27, 28] allows us do classify the punctures in two types: positive
punctures and negative punctures. This classification is done according to the behaviour
of w˜ in the neighbourhood of the puncture. Before presenting this classification we
introduce some notation. Let Bδ(z) be the ball of radius δ centered at the puncture z,
and denote by ∂(Bδ(z)) its boundary. With this in hand, we can describe the types of
punctures as follows:
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• z ∈ Γ is called positive interior puncture when z ∈ Γ and limz′→z s(z′) = +∞, and
there exist a sequence δn → 0 and Reeb orbit γ+ of Xλ+ , such that w(∂(Bδn(z)))
converges in C∞ to γ+ as n→ +∞
• z ∈ Γ is called negative interior puncture when z ∈ Γ and limz′→z s(z′) = −∞, and
there exist a sequence δn → 0 and Reeb orbit γ− of Xλ− , such that w(∂(Bδn(z)))
converges in C∞ to γ− as n→ +∞.
The results in [27] and [28] imply that these are indeed the only real possibilities we need
to consider for the behaviour of the w˜ near punctures. Intuitively, we have that at the
punctures, the pseudoholomorphic curve w˜ detects Reeb orbits. When for a puncture z,
there is a subsequence δn such that w(∂(Bδn(z))) converges to a Reeb orbit γ, we will
say that w˜ is asymptotic to this Reeb orbit γ at the puncture z.
If a pseudoholomorphic curve is asymptotic to a non-degenerate Reeb orbit at
a puncture, more can be said about its asymptotic behaviour in neighbourhoods of
this puncture. In order to describe the behaviour of w˜ near a puncture z, we take
a neighbourhood U ⊂ S of z that admits a holomorphic chart ψU : (U, z) → (D, 0).
Using polar coordinates (r, t) ∈ (0,+∞) × S1 we can write x ∈ (D \ 0) as x = e−rt.
With this notation, it is shown in [27] [28], that if z is a positive interior puncture on
which w˜ is asymptotic to a non-degenerate Reeb orbit γ+ of Xλ+ , then w˜ ◦ ψ−1u (r, t) =
(s(r, t), w(r, t)) satisfies:
• wr(t) = w(r, t) converges uniformly in C∞ to a Reeb orbit γ+ of Xλ+ , and the
convergence rate is exponential.
Similarly, if z is a negative interior puncture on which w˜ is asymptotic to a non-
degenerate Reeb orbit γ− of Xλ− , then w˜ ◦ ψ−1u (r, t) = (s(r, t), w(r, t)) satisfies:
• wr(t) = w(r, t) converges uniformly in C∞ to a Reeb orbit γ− of −Xλ− as r → +∞,
and the convergence rate is exponential.
Remark: the fact that the convergence of pseudoholomorphic curves near punc-
tures to Reeb orbits is of exponential nature is a consequence of the asymptotic formula
obtained in [28]. Such formulas are necessary for the Fredholm theory that gives the
dimension of the space of pseudoholomorphic curves with fixed asymptotic data.
The discussion above can be summarised by saying that near punctures the finite
pseudoholomorphic curves detect Reeb orbits. It is exactly this behavior that makes
these objects useful for the study of dynamics of Reeb vector fields.
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3.3 Pseudoholomorphic buildings
In this section we introduce the notion of pseudoholomorphic buildings. Our exposition
is based in section 2 of [45].
We denote by D the open unit disk in C. Let φ : (0,+∞)× S1 → D \ {0} be the
biholomorphism given by φ(s, t) = e−2pi(s+it). We denote D˙ := D \ {0}. As (0,+∞)×S1
is identified with D˙ by φ, we can define the circle compactification D of D˙ by
D := D˙ ∪ ({+∞}× S1) = (0,+∞]× S1. (3.15)
An analogous process allows us to compactify any punctured Riemman surface.
Let (Σ, j) be a compact Riemman surface and Υ ⊂ Σ be a finite set of points. For each
point z ∈ Υ we take a neighbourhood Bz which admits a biholomorphism ψz : (Bz, z)→
(D, 0). We can then use the compactification of D˙ described above to obtain the circle
compactification Bz of the punctured ball B˙z := Bz \ {z}:
Bz := B˙z ∪ δz (3.16)
where δz is a circle at infinity. The conformal structure at TzΣ given by j defines a
canonical orientation and a canonical metric on δz. For two different elements z1 and
z2 of Υ, an orthogonal diffeomorphism ϕz1,z2 : δz1 → δz2 is an orientation reversing
diffeomorphism from δz1 to δz2 which is an isometry for the canonical metrics on these
two circles. Performing this compactification on all points of Υ we obtain the circle
compactification Σ of the punctured Riemman surface Σ˙ = Σ \Υ given by
Σ := Σ˙ ∪ (∪z∈Υδz). (3.17)
A closed nodal Riemann surface S is a quadruple (S, j,Γ,∆) where (S, j) is a
closed (maybe disconnected) Riemann surface, Γ ⊂ S is a finite ordered set, and ∆ ⊂ S
a finite set that satisfies:
• ∆ = {z1, z1, z2, z2...zn, zn}.
We define S˙ := S \ (∆ ∪ Γ) and let S be the circle compactification of S˙. For each pair
zi, zi we choose an orthogonal diffeomorphism ϕi : δzi → δzi ; this is called a decoration
of {zi, zi}. By choosing a decoration for every pair {zi, zi} of ∆ we obtain a decoration
of ∆ which we denote by ϕ. The quintuple S := (S, j,Γ,∆, ϕ) is called a decorated
closed nodal Riemann surface.
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For a decorated Riemann surface S we define
S := S/{z ∼ ϕ(z)} (3.18)
S is a topological surface with boundary. The arithmetic genus of S is defined to be the
genus of S. We say that S is connected when S is connected.
3.3.1 Nodal pseudoholomorphic curves
3.3.1.1 Nodal pseudoholomorphic curves in symplectizations
Letting (Y, ξ) denote a contact manifold and λ a contact form on it, denote by J an
element of J (λ) A nodal pseudoholomorphic curve in the symplectization (R× Y, desλ)
is a pair (S, u˜) where S = (S, j,Γ,∆) is a closed nodal Riemann surface and u˜ : (S \
Γ, j) → (R × Y, J) is a finite energy pseudoholomorphic map such that for every pair
{z, z} ∈ ∆, u˜(z) = u˜(z). We will use the notation u˜ : S→ (R× Y, J) to denote a nodal
pseudoholomorphic curve. Analogous to what we did for pseudoholomorphic curves, we
use the asymptotic behaviour of u˜ near the punctures in Γ to partition Γ in the sets Γ+
and Γ− of positive and negative punctures.
It follows from the asymptotic behaviour of the finite energy pseudoholomorphic
curves near the punctures in Γ that any nodal curve u˜ : S → (R × Y, J) admits an
extension u : S → ([−∞,+∞] × Y, J) from the circle compactification of S of S to the
compactification [−∞,+∞] × Y of R × Y . We let ∂+S and ∂−S denote, respectively,
the sets ∪z∈Γ+δz and ∪z∈Γ−δz of circles at infinity at, respectively, the sets Γ+ and Γ−
of punctures. It is clear that u takes ∂−S to the boundary component {−∞} × Y of
[−∞,+∞]× Y , and ∂+S to the boundary component {+∞}× Y of [−∞,+∞]× Y .
3.3.1.2 Nodal pseudoholomorphic curves in exact symplectic cobordisms
We denote by (W,$) an exact symplectic cobordism from λ+ to λ−, where λ+ is a
contact form on the contact manifold (M+, ξ+) and λ− is a contact form on the contact
manifold (M−, ξ−). On the cobordism (W,$) we consider a cylindrical almost com-
plex structure J ∈ J (J−, J+) where J+ ∈ J (C+λ+) and J− ∈ J (C−λ−) for positive
constants C+ and C−.
A nodal pseudoholomorphic curve in (W,$) is a pair (S, u˜) where S = (S, j,Γ,∆)
is a closed nodal Riemann surface and u˜ : (S \ Γ, j) → (W,J) is a finite energy pseu-
doholomorphic map such that for every pair {z, z} ∈ ∆, u˜(z) = u˜(z).We will also use
the notation u˜ : S → (W,J) to denote a nodal pseudoholomorphic curve. Using the
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asymptotic behaviour of u˜ near the punctures in Γ we partition Γ in the sets Γ+ and
Γ− of positive and negative punctures.
Because of the asymptotic behaviour of the finite energy pseudoholomorphic curves
near the punctures in Γ, it follows that any nodal curve u˜ : S → (R × Y, J) admits an
extension u : S→ (W ∪ ({∞}×Y −)∪ ({+∞}×Y +), J) from the circle compactification
of S of S to the compactification W ∪ ({∞} × Y −) ∪ ({+∞}× Y +) of W . Similarly to
what we did in the case of symplectizations, we let ∂+S and ∂−S denote, respectively,
the sets ∪z∈Γ+δz and ∪z∈Γ−δz of circles at infinity at, respectively, the sets Γ+ and Γ−
of punctures. It is then clear that u takes ∂−S to the boundary component {−∞}×Y −
of [−∞,+∞]×Y , and ∂+S to the boundary component {+∞}×Y + of [−∞,+∞]×Y .
3.3.2 Pseudoholomorphic buildings in symplectizations
We proceed to define pseudoholomorphic buildings in symplectizations. Consider a
collection of nodal pseudoholomorphic curves
u˜m : Sm = (Sm, jm,Γm,∆m)→ (R× Y, J) (3.19)
for m ∈ {1, ..., n}. Assume that there exists for each m ∈ {2, ..., n}, an orientation
reversing orthogonal diffeomorphism φm : ∂
−Sm−1 → ∂+Sm. Then, the collection
u˜ = (u˜1, ..., u˜n;φ1, ..., φn) is called a pseudoholomorphic building in the symplectization
(R × Y, desλ) if um ◦ φm = um−1|∂−Sm−1 for every m ∈ {2, ..., n}. The number n is
called the height of the pseudoholomorphic building u˜. We denote by Γ the union
Γ+1 ∪ Γ−n of the positive punctures of u˜1 and the negative punctures of u˜n. We define
∆br := (
⋃
1≤m≤n Γm) \ Γ. For each m ∈ {2, ..., n} and z ∈ Γ−m−1 there exist a unique
z ∈ Γ+m such that φm(δz) = δz. We refer to all such pairs {z, z} ⊂ ∆br as breaking pairs.
The Reeb orbit γ(z,z) which is parametrized by um−1|δz and um|δz is called a breaking
orbit.
Given a pseudoholomorphic building u˜ = (u˜1, ..., u˜n;φ1, ..., φn) we associate a
nodal partially decorated Riemann surface S = (S, j,Γ,∆, φ) which is constructed from
the domains Sm of the levels u˜m: (S, j) is defined as the disjoint union of the Riemann
surfaces (S1, j1), ..., (Sn, jn), Γ = Γ
+
1 ∪ Γ−n as explained above, ∆N =
⋃
1≤m≤n ∆m is the
set of nodal points of the levels of u˜, ∆ := ∆N ∪ ∆br, and φ is the collection of deco-
rations at the breaking pairs {z, z} ⊂ ∆br given by the maps φm : ∂−Sm−1 → ∂+Sm.
We will refer to the partially decorated Riemann surface S as the domain of the pseu-
doholomorphic building u˜.
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We then choose arbitrary decorations ψm for the nodal sets ∆m of Sm. Combining
these with φ we obtain a decoration ψ for S. This allows us to define the compactification
S of S as the surface obtained from the union S1 ∪ ...∪Sn by gluing the boundary pairs
associated to the pairs in ∆ via the decoration ψ. It is then possible to extend u˜ to
a continuous map u : S → M . The map u can also be seen as a map in a suitable
compactification of a space formed by n copies of the symplectization; see [10].
3.3.3 Pseudoholomorphic buildings in exact symplectic cobordisms
We now define pseudoholomorphic buildings in exact symplectic cobordisms. Consider
for m ∈ {−n−,−n− − 1, ..., n+ − 1, n+}, where n− and n+ are non-negative integers, a
collection of nodal pseudoholomorphic curves u˜m of the following type
u˜m : Sm = (Sm, jm,Γm,∆m)→ (R× Y +, J+) if m < 0, (3.20)
u˜0 : S0 = (S0, j0,Γ0,∆0)→ (W,J), (3.21)
u˜m : Sm = (Sm, jm,Γm,∆m)→ (R× Y −, J−) if m > 0. (3.22)
Assume that there exists for each m ∈ {−n− + 1, ..., n+}, an orientation reversing
orthogonal diffeomorphism φm : ∂
−Sm−1 → ∂+Sm. Then, we will call the collec-
tion u˜ = (u˜−n− , ..., u˜n+ ;φ−n− , ..., φn+) a pseudoholomorphic building in the cobordism
(W,$) if um|∂−Sm = um−1◦φm for every m ∈ {−n−, ..., n+−1}. The number n−+n−+1
is called the height of the pseudoholomorphic building u˜. Similarly to what we did
for pseudoholomorphic buildings in symplectizations we define Γ := Γ+−n− ∪ Γ−n+ and
∆br := (
⋃
−n−≤m≤n+ Γm) \Γ. For each m ∈ {−n−+ 1, ..., n+} and z ∈ Γ−m−1 there exist
a unique z ∈ Γ+m such that φm(δz) = δz. We refer to all such pairs {z, z} ⊂ ∆br as
breaking pairs. The Reeb orbit γ(z,z) (of λ
+ or λ−) which is parametrized by um−1|δz
and um|δz is called a breaking orbit.
Exactly like we did for pseudoholomorphic buildings in symplectizations we asso-
ciate to our building u˜ a nodal partially decorated Riemann surface S = (S, j,Γ,∆, φ):
u˜m: (S, j) is defined as the disjoint union of the Riemann surfaces (S−n− , j−n−), ..., (Sn+ , jn+),
Γ = Γ+−n− ∪ Γ−n+ as explained above, ∆N =
⋃
−n−≤m≤n+ ∆m is the set of nodal points
of the levels of u˜, ∆ := ∆N ∪∆br, and φ is the collection of decorations at the breaking
pairs {z, z} ⊂ ∆br given by the maps φm : ∂−Sm−1 → ∂+Sm. We choose arbitrary dec-
orations ψm for the nodal sets ∆m of Sm and combine these with φ to get a decoration
ψ for S.
As previously we define the compactification S of S as the surface obtained from
the union S−n− ∪ ... ∪ Sn+ by gluing the boundary pairs associated to the pairs in ∆
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via the decoration ψ. With this in hand it is possible to extend u˜ to a continuous map
u : S→W where W is a suitable compactification of W . 1
3.4 Moduli spaces of pseudoholomorphic curves
In this section we define the different types of moduli spaces of pseudoholomorphic curves
in symplectic cobordisms and in symplectizations that appear in this thesis. Although
symplectizations are a particular case of symplectic cobordisms, the fact that we only
consider R-invariant almost complex structures on symplectictizations makes this case
present special properties. For this reason we will consider it separately.
3.4.1 Moduli spaces of pseudoholomorphic curves in symplectizations
We begin by recalling the notations from previous sections. Let (M, ξ) denote a contact
manifold and λ a contact form on it. We denote by J an almost complex structure in
J (λ).
Let P+ = (γ+1 , γ
+
2 , ..., γ
+
n+
) and P− = (γ−1 , γ
−
2 , ..., γ
−
n−) be finite sequences of el-
ements in Pλ. 2 We then denote by M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) the moduli
space whose elements are equivalence classes of genus 0 finite energy pseudoholomor-
phic curves without boundary, modulo biholomorphic reparametrisations of the domain,
with positive punctures asymptotic to the Reeb orbits γ+1 , ..., γ
+
n+
of Xλ and negative
interior punctures asymptotic to the Reeb orbits γ−1 , ..., γ
−
n− of Xλ. In other words,
every element of M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) is represented by a finite energy
pseudoholomorphic curve u˜ : (S2 \Γ, i0)→ (R×M,J) where Γ equals the disjoint union
Γ+ ∪ Γ− and:
• Γ+ = {p+1 , ..., p+n+} and for every k ∈ {1, ..., n+} u˜ is positively asymptotic to γ+k
at the puncture p+k ,
• Γ− = {p−1 , ..., p−n−} and for every k ∈ {1, ..., n−} u˜ is positively asymptotic to γ−k
at the puncture p−k .
Moreover if two pseudoholomorphic curves u˜1 and u˜2 satisfying these conditions are
such that u˜1 = u˜2 ◦ ψ for some biholomorphism ψ from (S2, i0) to itself then u˜1 and u˜2
1W is in fact homeomorphic to the compactification W of W that we mentioned before, but when
extending u˜ the best way to picture W is to think that it is obtained from W by gluing ”over it” n+
copies of [−∞,+∞] × Y + one over another, and gluing under it −n− copies of [−∞,+∞] × Y − one
under the other.
2Notice that it might happen that γ±i = γ
±
j for some i 6= j.
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represent the same element inM(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J). It is well known (see
for instance [6] and [14]) that the linearization D∂J of the Cauchy-Riemann operator
∂J at any element M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) is a Fredholm map. Lastly,
we denote by Mk(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) the moduli space of finite energy
pseudoholomorphic curves in M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) that have Fredholm
index equal to k.
In the case of moduli spaces of curves in a symplectization with a R-invariant
almost complex structure J we will need to introduce one more class of moduli spaces.
The reason for this is that, because of the R-invariance of J , one cannot expect that the
moduli spaces introduced above can be compact or admit a reasonable compactification
similar to the one obtained by Gromov for moduli spaces of pseudoholomorphic curves in
compact symplectic manifolds. There is however a natural notion to consider: because of
the R-invariance of J there is an R-action on the spacesM(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) and
Mk(c, c1, ..., cn, γ′1, ..., γ′m; J,Λ). We then define M˜(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J)
and M˜k(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) as the moduli spaces obtained by quotienting
M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) and Mk(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) by the
mentioned R-action.
3.4.2 Moduli spaces of pseudoholomorphic curves in exact symplectic
cobordisms
We will now treat the case of exact symplectic cobordisms. We denote by (W,$) an
exact symplectic cobordism from λ+ to λ−, where λ+ is a contact form on the contact
manifold (M+, ξ+) and λ− is a contact form on the contact manifold (M−, ξ−). On the
cobordism (W,$) we consider a cylindrical almost complex structure J ∈ J (J−, J+)
where J+ ∈ J (C+λ+) and J− ∈ J (C−λ−) for positive constants C+ and C−.
We let P+ = (γ+1 , γ
+
2 , ..., γ
+
n+
) be a finite sequence of elements of Pλ+ and P− =
(γ−1 , γ
−
2 , ..., γ
−
n−) be a finite sequence of elements of Pλ− . We will then denote by
M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) the moduli space whose elements are equivalence classes
of genus 0 finite energy pseudoholomorphic curves, modulo biholomorphic reparametri-
sations of the domain, with positive punctures asymptotic to Reeb orbit γ+1 , ..., γ
+
n+
of
Xλ+ and negative interior punctures asymptotic to the Reeb orbits γ
−
1 , ..., γ
−
n− of Xλ− .
In other words, every element of M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) is represented by
a finite energy pseudoholomorphic curve u˜ : (S2 \ Γ, i0) → (W,J) where Γ equals the
disjoint union Γ+ ∪ Γ− and:
• Γ+ = {p+1 , ..., p+n+} and for every k ∈ {1, ..., n+} u˜ is positively asymptotic to γ+k
at the puncture p+k ,
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• Γ− = {p−1 , ..., p−n−} and for every k ∈ {1, ..., n−} u˜ is positively asymptotic to γ−k
at the puncture p−k .
Moreover if two pseudoholomorphic curves u˜1 and u˜2 satisfying these conditions are
such that u˜1 = u˜2 ◦ ψ for some biholomorphism ψ from (S2, i0) to itself then u˜1 and u˜2
represent the same element in M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J).
Again, it is well known that the linearization D∂J of ∂J at any element of the
moduli spaceM(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) is a Fredholm map. Therefore it makes sense
to defineMk(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) as the moduli space of finite energy pseudoholo-
morphic curves in M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) that have Fredholm index equal to k.
3.5 Compactification of moduli spaces of pseudoholomor-
phic curves
The main motivation behind the introduction of pseudoholomorphic buildings is that
they are needed in order to compactify moduli spaces of pseudoholomorphic curves. The
reason for that, is the fact already observed by Gromov, that sequences of pseudoholo-
morphic curves might not converge to a pseudoholomorphic curve, but to might converge
to a pseudoholomorphic building.
The SFT-compactness theorem of [10] says that a sequence of elements of a moduli
space of pseudoholomorphic curves must converge to a pseudoholomorphic building. We
begin by giving the precise compactness statement which will be used in this thesis in
the case of symplectizations.
Proposition 3.1. Let λ be a contact form on a contact manifold (M, ξ) and J ∈ J (λ).
Assume that all Reeb orbits of λ are non-degenerate. Let P+ = (γ+1 , γ
+
2 , ..., γ
+
n+
) and
P− = (γ−1 , γ
−
2 , ..., γ
−
n−) be finite sequences of elements in Pλ. Then the moduli space
M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) admits a compactificationM(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) which
is a metric space, and whose elements are elements ofM(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J)
and equivalence classes of pseudoholomorphic buildings. 3 Moreover for every pseu-
doholomorphic building u˜ in M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J), the compactification S of
its domain S is diffeomorphic to the domain of the the pseudoholomorphic curves in
M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) and:
• the top level u˜1 must have exactly n+ positive punctures {z+1 , ..., z+n+}, and the
curve u˜1 is asymptotic γ+k at the puncture z
+
k ,
3Two pseudoholomorphic buildings u˜1 and u˜2 are equivalent when there exist a biholomorphism
φ : S1 → S2 such that u˜1 = u˜2◦φ. We refer the reader to [10] for the precise definition of biholomorphism
of decorated nodal Riemann surfaces.
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• and the bottom level u˜l must have exactly n− positive punctures {z−1 , ..., z−n−}, and
the curve u˜l is asymptotic γ−k at the puncture z
−
k .
As we will see later, in many particular cases we can obtain more restrictions on
the type of buildings that can appear in the compactification of a moduli space.
We proceed now to state a similar result in the case of exact symplectic cobordisms.
Proposition 3.2. Let (W,$) be an exact symplectic cobordism from λ+ to λ−, where
λ+ is a contact form on the contact manifold (M+, ξ+) and λ− is a contact form
on the contact manifold (M−, ξ−), and take a cylindrical almost complex structure
J ∈ J (J−, J+) where J+ ∈ J (C+λ+) and J− ∈ J (C−λ−) for positive constants C+
and C−. Let P+ = (γ+1 , γ
+
2 , ..., γ
+
n+
) be a finite sequence of elements of Pλ+ and P− =
(γ−1 , γ
−
2 , ..., γ
−
n−) be a finite sequence of elements of Pλ−. Assume that all Reeb orbits of
λ+ and λ+ are non-degenerate. Then the moduli spaceM(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) ad-
mits a compactificationM(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) which is a metric space, and whose
elements are elements of M(γ+1 , γ+2 , ..., γ+n+ ; γ−1 , γ−2 , ..., γ−n− ; J) and equivalence classes
of pseudoholomorphic buildings. Moreover for every pseudoholomorphic building u˜ in
M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J), the compactification S of its domain S is diffeomorphic to
the domain of the the pseudoholomorphic curves in M(γ+1 , ..., γ+n+ ; γ−1 , ..., γ−n− ; J) and:
• the top level u˜1 has exactly n+ positive punctures {z+1 , ..., z+n+}, and the curve u˜1
is asymptotic γ+k at the puncture z
+
k ,
• and the bottom level u˜l has exactly n− positive punctures {z−1 , ..., z−n−}, and the
curve u˜l is asymptotic γ−k at the puncture z
−
k .
Lastly we state a slightly different compact theorem which is valid for sequences
of pseudoholomorphic curves in a splitting family of exact symplectic cobordisms.
Proposition 3.3. Let λ+ be a contact form on the contact manifold (M, ξ+) and λ− be
a contact form on the contact manifold (M, ξ−) and let J+ ∈ J (λ+) and J− ∈ J (λ−).
Assume that all contractible Reeb orbits of λ+ and λ− are non-degenerate and that all
Reeb orbits in Pρ
λ+
and Pρ
λ− are non-degenerate for a fixed free homotopy class ρ in M .
Let (R ×M,$R), R ∈ (0,+∞), be a splitting family of exact symplectic cobordisms,
from λ+ to λ− along a contact form λ in M , with J˜R ∈ J (J−, J+) for all R ∈ (0,+∞)
and coinciding with J ∈ J (λ) in the region W (λ). For a sequence Rn → +∞, let γ+n ∈
Pρ
λ+
and γ−n ∈ Pρλ−) be sequences of Reeb chords belonging to the same free homotopy
class ρ, and such that there exists a constant C with C > A(γ+n ) > A(γ
−
n ). Let u˜n
be a sequence of elements in the moduli space M(γ+n ; γ−n ; JRn) of pseudoholomorphic
cylinders. Then there exists a subsequence of u˜n which converges in the SFT sense to
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a pseudoholomorphic building u˜. Moreover the pseudoholomorphic building u˜ is such
that the compactification S of its domain S is diffeomorphic to a cylinder. There exist
numbers lminλ and l
max
λ , such that l > l
max
λ ≥ lminλ > 1 and such that the levels u˜j for
j ∈ {1, ..., l} of the building u˜ are finite energy pseudoholomorphic curves that satisfy:
• for j ∈ {lminλ , ..., lmaxλ } the curve u˜j is a pseudoholomorphic curve in the symplec-
tization (R×M,J) of λ,
• for j = lmin−1, u˜j is a pseudoholomorphic curve in a cobordism (R×M,dς+, J+)
from λ+ to λ,
• for j = lmax + 1, u˜j is a pseudoholomorphic curve in a cobordism from (R ×
M,dς−, J−) from λ to λ−,
• for j < lmin − 1, u˜j are pseudoholomorphic curves in (R×M,J+),
• for j > lmax + 1, u˜j are pseudoholomorphic curves in (R×M,J−),
• the unique positive puncture in Γ+1 is asymptotic to a Reeb orbit γ+ ∈ Pρλ+ and the
unique negative puncture in Γ−l is asymptotic to γ
− ∈ Pρ
λ− both in the homotopy
class ρ,
• every level u˜j has a special positive puncture z+j ∈ Γ+j which is asymptotic to a
Reeb orbit γ+j the homotopy class ρ, and a special negative puncture z
−
j ∈ Γ−j which
is asymptotic to a Reeb orbit γ−j the homotopy class ρ,
• γ+j+1 = γ−j for all 1 ≤ j ≤ l − 1,
• for every 1 ≤ j ≤ l, at all punctures of u˜j which are distinct from z+j and z−j the
curve u˜j is asymptotic to contractible Reeb orbits,
• for all punctures in all levels of the building u˜, the action of the Reeb orbit detected
at these punctures by the levels of u˜ is smaller then the action A(γ+).
3.6 The gluing theorem
In this section we recall the gluing theorem for the special kinds of pseudoholomorphic
buildings that appear in the version of cylindrical contact homology used in this thesis.
The general gluing theory needed for all the SFT-invariants, such as the full contact
homology, is still subject of intense research. However, in the case treated in this thesis,
we do not need this machinery. The reason for that is that all the curves that appear
in the construction of the cylindrical contact homology we consider and its cobordism
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maps are somewhere injective pseudoholomorphic curves, and in this situation the gluing
theorem can be obtained using the same methods needed to prove a similar statement
in Floer homology.
The gluing theorem allows us to glue the levels of a holomorphic building to obtain
a pseudoholomorphic curve, and it can be seen as the reverse of SFT-compactness. This
gluing is possible when the levels of the building are Fredholm regular. Like in previous
sections, we will deal separately with the case where all the levels of the building are
symplectizations and the case where one of the levels sits in a cobordism. We begin with
the case of a symplectization.
In conformity with the previous section, we will consider a contact form λ associ-
ated to (Y, ξ). Let γ, γˇ and γ′ be non-degenerate Reeb orbits in Pλ. Let J ∈ J (λ), and
assume that for every element of the moduli space M2(γ; γ′; J) the linerized Cauchy-
Riemman operator D∂J over this element is surjective. In this case one can use the
infinite dimensional implicit function theorem to conclude that M2(γ; γ′; J) is a one
dimensional manifold. Let u˜1 ∈ M2(γ; γ′; J) and u˜2 ∈ M2(γ; γ′; J), and denote by u˜
the 2-level building which has u˜1 as top level and u˜2 as bottom level. In this situation
we have the following
Theorem 3.4. Assume that the linearized Cauchy-Riemman operator is surjective at
both u˜1 and u˜2. Then, there exists an embedding Ψ : [0,+∞)→M2(γ; γ′; J) such that:
• Ψ(0) = u˜,
• Ψ(t) ∈M2(γ; γ′; J) for every t ∈ (0,+∞)
• the map Ψ is a homeomorphism from [0,+∞) to a neighbourhood of u˜ inM2(γ; γ′; J).
Moreover, if u˜n is a sequence of elements of M2(γ; γ′; J) converging to u˜, then there
exists n0 such that u˜n ∈ Ψ([0, 1]) for all n ≥ n0.
In words, the gluing theorem says that provided the levels of the building w˜ are
regular, then w˜ is in the boundary of M2(γ; γ′; J).
We now proceed to state a version of the gluing theorem for buildings involving a
cobordism. We let λ+ and λ− be contact forms on a contact manifold (Y, ξ). We take γ+
and γˇ+ to be non-degenerate Reeb orbits in Pλ+ , and γ− and γˇ− to be non-degenerate
Reeb orbits in Pλ− . Let (R×M, ς) be an exact sympletic cobordism from λ+ to λ− and
J be a cylindrical almost complex structure in J (J−, J+) where J+ ∈ J (λ+) and J− ∈
J (λ−). We assume that all elements of M1(γ+; γ−; J) are Fredholm regular; i.e, the
linerized Cauchy-Riemman operator D∂J is surjective at all elements ofM1(γ+; γ−; J).
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Let u˜1+ ∈ M˜1(γ+; γˇ+; J+) and u˜2+ ∈ M0(γˇ+; γ−; J), u˜1− ∈ M˜0(γ+; γˇ−; J) and u˜2− ∈
M˜1(γˇ−; γ−; J−).
Theorem 3.5. Assume that the linearized Cauchy-Riemman operator is surjective at
both u˜1+ and u˜
2
+. Then, there exists an embedding Ψ
+ : [0,+∞)→M1(γ+; γ−; J) such
that:
• Ψ+(0) = u˜+, where u˜+ is the two level building whose top level is u˜1+ and bottom
level is u˜2+,
• Ψ+(t) ∈M1(γ+; γ−; J) for every t ∈ (0,+∞),
• the map Ψ+ is a homeomorphism from [0,+∞) to a neighbourhood of u˜+ in
M1(γ+; γ−; J).
Moreover, if u˜+(n) is a sequence of elements of M1(γ+; γ−; J) converging to u˜+, then
there exists n0 such that u˜+(n) ∈ Ψ+([0, 1]) for all n ≥ n0.
Analogously, if the linearized Cauchy-Riemman operator is surjective at both u˜1−
and u˜2−, then there exists an embedding Ψ− : [0,+∞)→M1(γ+; γ−; J) such that:
• Ψ−(0) = u˜−, where u˜− is the two level building whose top level is u˜1− and bottom
level is u˜2−,
• Ψ−(t) ∈M1(γ+, γ−; J, L) for every t ∈ (0,+∞),
• the map Ψ− is a homeomorphism from [0,+∞) to a neighbourhood of u˜− in
M1(γ+, γ−; J).
Moreover, if u˜−(n) is a sequence of elements of M1(γ+; γ−; J) converging to u˜−, then
there exists n0 such that u˜−(n) ∈ Ψ−([0, 1]) for all n ≥ n0.
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Contact homology
Contact homologies were introduced in [15] as homology theories which are topological
invariants of contact manifolds. In sections 4.1 and 4.2 we give an introduction to the
more basic and well known versions of contact homologies. This serves mainly as a
motivation to section 4.3, in which we define the version of contact homology that will
be used in this thesis. 1
4.1 Full contact homology
Full contact homology was introduced in [15] as an important invariant of contact struc-
tures. We refer the reader to [15] and [8] for detailed presentations of the material
contained in this section.
Let (Y 2n+1, ξ) be a contact manifold, λ be a non-degenerate contact form on (Y, ξ)
and J ∈ J (λ). Recall that Pλ is the set of good periodic orbits of the Reeb vector field
Xλ. To each orbit γ ∈ Pλ, we define a Z2-grading | γ |= (µCZ(γ) + (n − 2)) mod 2,
where µCZ is the Conley-Zehnder index. An orbit γ is called good if it is either simple,
or if γ = (γ′)i for a simple orbit γ′ with the same grading of γ.
A(Y, λ) is defined to be the supercomutative, Z2 graded, Q algebra with unit
generated by Pλ (an algebra with this properties is sometimes referred in the literature
as a commutative super-algebra or a super-ring). The Z2-grading on the elements of the
algebra is obtained by considering on the generators the grading mentioned above and
extending it to A(Y, λ).
1We stress that while the versions of contact homology presented in sections 4.1 and 4.2 do depend
on the Polyfolds technology currently being developed by Hofer, Wysocki and Zehnder, the version
of contact homology which we use in this paper and is presented in section 4.3 does not depend on
Polyfolds and can be constructed in complete rigor with technology that is available in the literature.
See the detailed discussion in section 4.3 below.
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A(Y, λ) can be equipped with a differential dJ . This differential will be defined by
counting solutions of a certain perturbation of the Cauchy-Riemann equation. To define
our differential we need the following hypothesis:
Hypothesis H: there exists an abstract perturbation of the Cauchy-Riemann
operator ∂J such that the compactified moduli spaces M(γ; γ′1, ..., γ′m; J) of solutions
of the perturbed equation are unions of branched manifolds with corners and rational
weights whose dimension is given by the Conley-Zehnder index of the asymptotic orbits
and the relative homology class of the solution.
The proof that Hypothesis H is true is still not written. Establishing its validity
is one of the main reasons for the development of the Polyfold technology by Hofer,
Wysocki and Zehnder. We define:
dJ(γ) = m(γ)
∑
γ′1,...,γ′m
C(γ; γ′1, ..., γ′m)
m!
γ′1γ
′
2...γ
′
m (4.1)
where C(γ, γ′1, ..., γ′m) is the algebraic count of points in the 0-dimensional manifold
M1(γ; γ′1, ..., γ′2; J) (4.2)
and m(γ) is the multiplicity of γ. dJ is extended to the whole algebra by the Leibnitz
rule. Under hypothesis H it was proved in [15] that (dJ)
2 = 0. We have therefore that
(A(Y, λ), dJ) is a differential Z2 graded super-commutative algebra. We define:
Definition 4.1. The full contact homology CH(λ, J) of λ is the homology of the
complex (A, dJ).
Under Hypotesis H, it was also proved in [15] that the full contact homology
does not depend on the contact form λ on (Y, ξ) nor on the almost complex structure
J ∈ J (λ).
4.2 Cylindrical contact homology
Suppose now that (Y, ξ) is a contact manifold, λ is a non-degenerate hypertight contact
form. Fix a cylindrical almost complex structure J ∈ J (λ). For hypertight contact
manifolds we can define a simpler version of contact homology called cylindrical contact
homology. We denote by CHcyl(λ) the Z2-graded Q-vector space generated by the
elements of Pλ. The differential dcylJ : CHcyl(λ) → CHcyl(λ) will count elements in the
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moduli space M1(γ; γ′; J). For the generators γ ∈ Pλ we define
dcylJ (γ) = cov(γ)
∑
γ′∈Pλ
C(γ; γ′; J)γ′ (4.3)
where C(γ; γ′; J) is the algebraic count of elements in M1(γ; γ′; J), and cov(γ) is the
covering number of γ. For λ hypertight and assuming Hypothesis H is true, Eliashberg,
Givental and Hofer proved in [15] that (dcylJ )
2 = 0.
Definition 4.2. The cylindrical contact homology CHcyl(λ) of λ is the homology
of the complex (CHcyl(λ), d
cyl
J ).
Under Hypothesis H, the cylindrical contact homology doesn’t depend on the
hypertight contact form λ on (Y, ξ) nor on the cylindrical almost complex structure
J ∈ J (λ).
Denote by Λ the set of free homotopy classes of Y . It is easy to see that for each
ρ ∈ Λ the subspace CHρcyl(λ) ⊂ CHcyl(λ) generated by the set Pρλ of good periodic orbits
in ρ is a subcomplex of (CHcyl(λ), d
cyl
J ). This follows from the fact that the numbers
C(γ; γ′; J), that appear on the differential of γ, can only be non-zero for orbits γ′ that
are freely homotopic to γ, which implies that the restriction dcylJ |CHρcyl(λ) has image in
CHρcyl(λ). From now on we will denote the restriction d
cyl
J |CHρcyl : CH
ρ
cyl(λ)→ CHρcyl(λ)
by dρJ . Denoting by CH
ρ
cyl the homology of (CH
ρ
cyl(λ), d
ρ
J) we thus have the following
formula:
CHcyl(λ) =
⊕
ρ∈Λ
CHρcyl. (4.4)
The fact that we can define partial versions of cylindrical contact homology re-
stricted to certain free homotopy classes will be of crucial importance for us. It will
allow us to obtain our results without resorting to Hypothesis H. This is explained in
the next section.
4.3 Cylindrical contact homology in special homotopy classes
Maintaining the notation of the previous sections we denote by (Y, ξ) a contact manifold
endowed with a hypertight contact form λ.
Let Λ0 denote the set of primitive free homotopy classes of Y . Let ρ ∈ Λ be either
an element of Λ0, or a free homotopy class which contains only simple Reeb orbits of λ.
Assume that all Reeb orbits in Pρλ are non-degenerate. By the work of Dragnev [14], we
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know that there exists a generic subset J ρreg(λ) of J (λ) such that for all J ∈ Jreg(λ) we
have:
• for all Reeb orbits γ1, γ2 ∈ ρ, the moduli space of pseudoholomorphic cylinders
M(γ1, γ2; J) is transverse, i.e. the linearized Cauchy-Riemann operator D∂J(w˜)
is surjective for all w˜ ∈M(γ1, γ2; J);
• for all Reeb orbits γ1, γ2 ∈ ρ, each connected component L of the moduli space
M(γ1, γ2; J) is a manifold whose dimension is given by the Fredholm index of any
element w˜ ∈ L.
In this case, for J ∈ Jreg(λ), we define
dρJ(γ) = cov(γ)
∑
γ′∈Pρλ
Cρ(γ; γ′; J)γ′ =
∑
γ′∈Pρλ
Cρ(γ; γ′; J)γ′, (4.5)
where Cρ(γ; γ′; J) is the algebraic count of points on the moduli spaceM1(γ; γ′; J). The
second equality follows from the fact that all Reeb orbits in ρ are simple, which implies
cov(γ) = 1.
For λ and ρ as above and J ∈ J ρreg(λ), the differential dρJ : CHρcyl(λ)→ CHρcyl(λ)
is well-defined and satisfies (dρJ)
2 = 0. Therefore, in this situation, we can define the
cylindrical contact homology CHρ,Jcyl (λ) without the need of Hypothesis H. Once the
transversality for J has been achieved, and using coherent orientations constructed in
[11], the proof that dρJ is well-defined and that (d
ρ
J)
2 = 0 is a combination of compactness
and gluing, similar to the proof of the analogous result for Floer homology. For the
convenience of the reader we sketch these arguments below:
For ρ as above, dρJ : CH
ρ
cyl(λ) → CHρcyl(λ) is well-defined, and for every
γ ∈ Pρλ the differential dρJ(γ) is a finite sum.
The moduli space M1(γ; γ′; J) can be non-empty only if A(γ′) ≤ A(γ). It then follows
from the non-degeneracy of λ that for a fixed γ the numbers Ccyl(γ, γ′; J) can be nonzero
for only finitely many γ′. To see that Ccyl(γ, γ′; J ) is finite for every γ′ ∈ ρ suppose
by contradiction that there is a sequence w˜i of distinct elements of M1(γ; γ′; J). By
the SFT compactness theorem [10] such a sequence has a convergent subsequence that
converges to a pseudoholomorphic building w˜ which has Fredholm index 1. Because
of the hypertightness of λ, no bubbling can occur and all the levels w˜1, ..., w˜k of the
building w˜ are pseudoholomorphic cylinders. As all Reeb orbits of λ in ρ are simple, it
follows that all these cylinders are somewhere injective pseudoholomorphic curves, and
the regularity of J implies that they must all have Fredholm index ≥ 1. As a result
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we have 1 = IF (w˜) =
∑
(IF (w˜
l)) ≥ k, which implies k = 1. Thus w˜ ∈ M1(γ; γ′; J)
and is the limit of a sequence of distinct elements of M1(γ; γ′; J). This is absurd
because M1(γ; γ′; J) is a 0-dimensional manifold. We thus conclude that the numbers
Ccyl(γ, γ′; J ) are all finite.
For ρ as above, (dρJ)
2 = 0. If we write
dρJ ◦ dρJ(γ) =
∑
γ′′∈Pρλ
mγ,γ′′γ
′′, (4.6)
we know that mγ,γ′ is the number of two-level pseudo holomorphic buildings w˜ =
(w˜1, w˜2) such that w˜1 ∈ M1(γ; γ′; J) and w˜2 ∈ M1(γ′; γ′′; J), for some γ′ ∈ Pρλ. Be-
cause of transversality of w˜1 and w˜2 we can perform gluing. This implies that w˜ is in
the boundary of the moduli space M2(γ; γ′′; J). Taking a sequence w˜i of elements in
M2(γ; γ′′; J) converging to the boundary ofM2(γ; γ′′; J) and arguing similarly as above,
we have that this sequence converges to a pseudoholomorphic building w˜∞, whose levels
are somewhere injective pseudoholomorphic cylinders. Using that IF (w˜∞) = 2 we obtain
that w˜∞ can have at most 2 levels. As w˜∞ is in the boundary ofM2(γ; γ′′; J) it cannot
have only one level, and is therefore a two-level pseudo holomorphic building whose
levels have Fredholm index 1. Summing up, w˜∞ = (w˜1∞, w˜2∞), where w˜1∞ ∈M1(γ; γ′; J)
and w˜2∞ ∈ M̂1(γ′; γ′′; J), for some γ′ ∈ Pρλ.
The discussion above implies that mγ,γ′′ is the count with signs of boundary com-
ponents of the compactified moduli space M2(γ; γ′′; J) which is homeomorphic to a
one-dimensional manifold with boundary. Because the signs of this count are deter-
mined by coherent orientations of M2(γ, γ′′; J), it follows that mγ,γ′′ = 0.
The discussion above gives us the following
Proposition 4.3. Let (Y, ξ) be a contact manifold with a hypertight contact form λ.
Let ρ ∈ Λ be either an element of Λ0, or a free homotopy class which contains only
simple Reeb orbits of λ. Assume that all Reeb orbits in Pρλ are non-degenerate and pick
J ∈ J ρreg(λ). Then, dρJ is well defined and (dρJ)2 = 0.
Exact symplectic cobordisms induce homology maps for the SFT-invariants. We
describe how this is done for the version of cylindrical contact homology considered in
this section. Let (Y +, ξ+) and (Y −, ξ−) be contact manifolds, with hypertight contact
forms λ+ and λ−. Let (W,ω) be an exact symplectic cobordism from λ+ to λ−. Assume
that ρ is either a primitive free homotopy class or that all the closed Reeb orbits of both
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λ+ and λ− which belong to ρ are simple. Assume moreover that all Reeb orbits of both
Pρ
λ+
and Pρ
λ− are non-degenerate. Choose almost complex structures J
+ ∈ J ρreg(λ+) and
J− ∈ J ρreg(λ−). From the work of Dragnev [14] (see also section 2.3 in [37]) we know
that there is a generic subset J ρreg(J−, J+) ∈ J (J−, J+) such that for Ĵ ∈ J ρreg(J−, J+),
γ+ ∈ Pρ
λ+
and γ− ∈ Pρ
λ−
• all the curves w˜ in the moduli spaces M(γ+; γ−; Ĵ) are Fredholm regular,
• the connected components V of M(γ+; γ−; Ĵ) have dimension equal to the Fred-
holm index of any pseudoholomorphic curve in V.
In this case we can define a map ΦĴ : CHρcyl(λ
+)→ CHρcyl(λ−) given on elements
of Pρ
λ+
by
ΦĴ(γ+) =
∑
γ−∈Pρ
λ−
nγ+,γ−γ
−, (4.7)
where nγ+,γ− is the number pseudoholomorphic cylinders with Fredholm index 0, pos-
itively asymptotic to γ+ and negatively asymptotic to γ−. Using a combination of
compactness and gluing (see [8]) one proves that ΦĴ ◦ dρ
J+
= dρ
J− ◦ ΦĴ . As a result we
obtain a map ΦĴ : CHρ,J
+
cyl (λ
+)→ CHρ,J−cyl (λ−) on the homology level.
We study the cobordism map in the following situation: take (V = R × Y,$) to
be an exact symplectic cobordism from Cλ to cλ where C > c > 0, and λ is a hypertight
contact form. Suppose that one can make an isotopy of exact symplectic cobordisms
(R× Y,$t) from Cλ to cλ, with $t satisfying $0 = $ and $1 = d(esλ0). We consider
the space J˜ (J, J) of smooth homotopies
t ∈ [0, 1]; Jt ∈ J (J, J) (4.8)
such that J0 = JV , J1 ∈ Jreg(λ), and Jt is compatible with $t for every t ∈ [0, 1]. Jt is
a deformation of J0 to J1, through asymptotically cylindrical almost complex structures
in the cobordisms (R× Y,$t). For Reeb orbits γ, γ′ ∈ Pρλ we consider the moduli space
M˜1(γ; γ′; Jt) = {(t, w˜) | t ∈ [0, 1] and w˜ ∈ M̂1(γ; γ′; Jt)}. (4.9)
By using the techniques of [14], we know that there is a generic subset J˜reg(J, J) =
J˜ (J, J) such that M˜1(γ, γ′; Jt) is a 1-dimensional smooth manifold with boundary. The
crucial condition that makes this valid is again the fact that the all the pseudoholomor-
phic curves that make part of this moduli space are somewhere injective.
We have the following proposition which is a consequence of the combination of
work of Eliashberg, Givental and Hofer [15] and Dragnev [14].
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Proposition 4.4. Let (Y, ξ) be a contact manifold with a hypertight contact form λ. Let
λ+ = Cλ and λ− = cλ where C > c > 0 are constants, and ρ be either a primitive free
homotopy class or a free homotopy class in which all Reeb orbits of λ are simple. Assume
that all Reeb orbits in Pρλ are non-degenerate. Choose an almost complex structure
J ∈ J ρreg(λ), and set J+ = J− = J . Let (W = R×Y,$) be an exact symplectic cobordism
from Cλ to cλ, and choose a regular almost complex structure Ĵ ∈ J ρreg(J−, J+). Then,
if there is an homotopy (R× Y,$t) of exact symplectic cobordisms from Cλ to cλ, with
$0 = $ and $1 = d(e
sλ), it follows that the map ΦĴ : CHρ,Jcyl (λ)→ CHρ,Jcyl (λ) is chain
homotopic to the identity.
The proof is again a combination of compactness and gluing, and we sketch it
below. We refer the reader to [8] and [15] for the details.
Sketch of the proof: We define initially the following map
K : CHρcyl(λ)→ CHρcyl(λ) (4.10)
that counts finite energy, Fredholm index −1 pseudoholomorphic cylinders in the cobor-
disms (R × Y,$t) for t ∈ [0, 1]. Because of the regularity of our homotopy, the moduli
space of index −1 cylinders whose positive puncture detects a fixed Reeb orbit γ is finite,
and therefore the map K is well defined.
Notice that for t = 1 the cobordism map ΦĴ1 is the identity, and the pseudoholo-
morphic curves that define it are just trivial cylinders over Reeb orbits. For t = 0, ΦĴ0
counts index 0 cylinders in the cobordisms (R × Y,$). From the regularity of J0, J1
and the homotopy Jt, we have that the pseudoholomorphic cylinders involved in these
two maps belong to the 1-dimensional moduli spaces M˜1(γ; γ′; Jt).
By using a combination of compactness and gluing we can show that the boundary
of the moduli space M˜1(γ; γ′; Jt) is exactly the set of pseudoholomorphic buildings w˜
with two levels w˜cob and w˜symp such that: w˜cob is an index −1 cylinder in a cobordism
(R× Y,$t) and w˜symp is an index 1 pseudoholomorphic cylinder in the symplectization
of λ above or below w˜cob. Such two level buildings are exactly the ones counted in the
map K ◦ dcylJ + dcylJ ◦K. As a consequence one has that the difference between the maps
ΦĴ1 = Id and ΦĴ is equal to K ◦dcylJ +dcylJ ◦K. This implies that ΦĴ is chain homotopic
to the identity.
The result above can be used to show that CHρ,Jcyl (λ) does not depend on the
regular almost complex structure J used to define the differential dJ .
Chapter 5
Homotopical growth of the
number of periodic orbits and
topological entropy
Throughout this chapter M will denote a compact manifold. We endow M with an aux-
iliary Riemannian metric g, which induces a distance function dg on M , whose injective
radius we denote by g. Let M˜ be the universal cover of M , g˜ be the Riemannian metric
that makes the covering map pi : M˜ → M an isometry, and dg˜ be the distance induced
by the metric g˜.
Let X be a vector field on M with no singularities and φtX the flow generated by
X. We call PX(T ) the number of periodic orbits of φt with period in [0, T ]. For us a
periodic orbit of X is a pair ([γ]c, T ) where [γ]c is the set of parametrizations of a given
immersed curve c : S1 → M , and T is a positive real number (called the period of the
orbit) such that:
• γ ∈ [γ]c ⇐⇒ γ : R→M parametrizes c and γ˙(t) = X(γ(t))
• for all γ ∈ [γ]c we have γ(T + t) = γ(t) and γ([0, T ]) = c
We say that a periodic orbit ([γ]c, T ) is in a free homotopy class l of M if c ∈ l.
By a parametrized periodic orbit (γ, T ) we mean a periodic orbit ([γ]c, T ) with a
fixed choice of parametrization γ ∈ [γ]c. A parametrized periodic orbit (γ, T ) is said to
be in a free homotopy class l when the underlying periodic orbit ([γ]c, T ) is in l.
From the work of Kaloshin and others it is well known that the exponential growth
rate of periodic orbits lim supT→+∞
log(PX(T ))
T can be much bigger than the topological
36
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entropy. This implies that the growth rate lim supT→+∞
log(PX(T ))
T does not give a lower
bound for the topological entropy of an arbitrary flow. There is however a different
growth rate, which measures how quickly periodic orbits appear in different free ho-
motopy classes, and which can be used to give such a lower bound of the topological
entropy of a flow.
Let Λ denote the set of free homotopy classes of loops in M , and Λ0 ⊂ Λ the
subset of primitive free homotopy classes. Denote by ΛTX ⊂ Λ the set of free homotopy
classes % such that there exists a periodic orbit of φtX with period smaller or equal to T
which is homotopic to %. We denote by NX(T ) the cardinality of Λ
T
X .
Let {(γi, Ti); 1 ≤ i ≤ n} be a finite set of parametrized periodic orbits of X. For
a number T satisfying T ≥ Ti for all i ∈ {1, ..., n} and a constant δ > 0, we denote by
ΛT,δX ((γ1, T1), ..., (γn, Tn)) the subset of Λ such that:
• l ∈ ΛT,δX ((γ1, T1), ..., (γn, Tn)) if, and only if, there exist a parametrized periodic
orbit (γ̂, T̂ ) with period T̂ ≤ T in the free homotopy class l and a number il ∈
{1, ..., n} for which maxt∈[0,T ](dg(γil(t), γ̂(t))) ≤ δ .
We observe that
ΛT,δX ((γ1, T1), ..., (γn, Tn)) =
⋃
i∈{1,...,n}
ΛT,δX ((γi, Ti)). (5.1)
We are ready to prove the main result in this section. Theorem 4.1 below is well
known to be true in the particular cases where φX is a geodesic flow, where it follows
from Manning’s inequality (see [32] and [38]); and where φX is the suspension of surface
diffeomorphism with pseudo-Anosov monodromy, where it follows from Ivanov’s theorem
(see [31]). It can be seen as a generalization of these results in the sense that it includes
them as particular cases and that it applies to many other situations. Our argument is
inspired by the remarkable proof of Ivanov’s inequality given by Jiang in ([31]).
Theorem 5.1. If for real numbers a > 0 and b we have NX(T ) ≥ eaT+b, then htop(φX) ≥
a.
Proof: The theorem will follow if we prove that for all δ <
g
106
we have hδ(φX) ≥ a.
From now on fix 0 < δ <
g
106
.
Step 1: For any point p ∈ M let V4δ(p) be the 4δ-neighbourhood of pi−1(p).
Because δ <
g
106
, it is clear that V4δ(p) is the disjoint union
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V4δ(p) =
⋃
p˜∈pi−1(p)
B4δ(p˜), (5.2)
where the ball B4δ(p˜) is taken with respect to the metric g˜.
Because of our choice of δ <
g
106
it is clear that there exists a constant 0 < k1 which
does not depend on p, such that if B and B′ are two distinct connected components of
V4δ(p) we have dg˜(B,B
′) > k1.
Because of compactness of M , we know that the vector field X˜ := pi∗X is bounded
in the norm given by the metric g˜. Combining this with the inequality in the last
paragraph, one obtains the existence of a constant 0 < k2, which again doesn’t depend
on p such that, if υ˜ : [0, R]→ M˜ is a parametrized trajectory of φ
X˜
such that υ˜(0) ∈ B
and υ˜(R) ∈ B′ for B 6= B′ are connected components of V4δ(p) then R > k2.
From the last assertion we deduce the existence of a constant K˜, depending only
g and X, such that for every p ∈ M and every parametrized trajectory υ˜ : [0, T ] → M˜
of φ
X˜
, the number LT (p, υ˜) of distinct connected components of V4δ(p), intersected by
the curve υ˜([0, T ]) satisfies
LT (p, υ˜) < K˜T + 1. (5.3)
Step 2: We claim that for every parametrized periodic orbit (γ′, T ′) of X we have
](ΛT,δX ((γ
′, T ′)) < K˜T + 1 (5.4)
for all T > T ′.
To see this take γ˜′ be a lift of γ′ and let p′ = γ′(0) and p˜′ = γ˜′(0). We consider
the set {Bj ; 1 ≤ j ≤ mT (γ′, T ′)} of connected components of V4δ(p′) satisfying:
• Bj 6= Bk if j 6= k,
• if B is a connected component of V4δ(p′) which intersects γ˜′([0, T ]) then B = Bj
for some j ∈ {1, ...,mT ((γ′, T ′))},
• if j < i then Bj is visited by the trajectory γ˜′ : [0, T ]→ M˜ before Bi.
From step 1, we know that mT (γ′, T ′) < K˜T + 1.
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B1
B2
B3
γ˜′
BmT (γ′)−1
BmT (γ′)
γ˜′(0)
γ˜′(T )
Figure 1: The set {Bj ; 1 ≤ j ≤ mT (γ′, T ′)}.
For each l ∈ ΛT,δX ((γ′, T ′)) pick (χl, Tl) in l to be a parametrized periodic orbit
which satisfies dg(χl(t), γ
′(t)) < δ for all t ∈ [0, T ]. There exists a lift χ˜l of χl satisfying
dg˜(χ˜l(t), γ˜′(t)) < δ for all t ∈ [0, T ].
From the triangle inequality it is clear that the point ql = χ˜l(0) is in the connected
component B1 which contains p˜
′. We will show that χ˜l(Tl) is contained in Bj for some
j ∈ {1, ...,mT (γ′, T ′)}. Because pi(χ˜l(0)) = pi(χ˜l(Tl)), we have:
dg˜(χ˜l(Tl), pi
−1(p′)) = dg˜(χ˜l(0), pi−1(p′)) < δ, (5.5)
which already implies that χ˜l(Tl) ∈ V4δ(p′). We denote by p˜′l the unique element pi−1(p′)
for which we have dg˜(χ˜l(Tl), p˜l
′) < δ. Using the triangle inequality we now obtain:
dg˜(γ˜′(Tl), p˜′l) ≤ dg˜(γ˜′(Tl), χ˜l(Tl)) + dg˜(χ˜l(Tl), p˜l′) < δ + δ. (5.6)
From the inequalities above we conclude that γ˜′(Tl) and χ˜l(Tl) are in the connected
component of V4δ(p
′) that contains p˜l′. Because this connected component contains
γ˜′(Tl), it is therefore one of the Bj for j ∈ {1, ...,mT (γ′, T ′)} as we wanted to show. We
can thus define a map ΥT,δ(γ′,T ′) : Λ
T,δ
X ((γ
′, T ′)) → {1, ...,mT (γ′, T ′)} which associates to
each l ∈ ΛT,δX (γ′) the unique j ∈ {1, ...,mT (γ′, T ′)} for which χ˜l(Tl) ∈ Bj .
We now claim that if l 6= l′ then χ˜l(Tl) and χ˜l′(Tl′) are in different connected
components of V4δ(p
′). To see this notice that both χ˜l(0) and χ˜l′(0) are in the compo-
nent B1. Therefore it is clear, because δ <
g
106
, that if χ˜l(Tl) and χ˜l′(Tl′) are in the
same component of V4δ(p
′), then the closed curves χl([0, Tl]) and χl′([0, Tl′ ]) are freely
homotopic. This contradicts our choice of (χl, Tl) and (χl′ , Tl′) and the fact that l 6= l′.
We thus conclude that the map ΥT,δ(γ′,T ′) : Λ
T,δ
X ((γ
′, T ′)) → {1, ...,mT (γ′, T ′)} is
injective, which implies that ](ΛT,δX ((γ
′, T ′))) ≤ mT (γ′, T ′) < K˜T + 1.
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Step 3: Inductive step.
As an immediate consequence of step 2 we have that if {(γi, Ti); 1 ≤ i ≤ m} is a set
of parametrized periodic orbits of X we have ](ΛT,δX ((γ1, T1), ..., (γm, Tm))) ≤ m(K˜T+1).
Inductive claim: Fix T > 0 and suppose that STm = {(γi, Ti); 1 ≤ i ≤ m} is a
set of parametrized periodic orbits such that T ≥ Ti for every i ∈ {1, ...,m}, and that
satisfies:
• (a) The free homotopy classes li of (γi, Ti) and lj of (γj , Tj) are distinct if i 6= j,
• (b) For every i 6= j we have maxt∈[0,T ] dg(γi(t), γj(t)) > δ.
Then, if m < NX(T )
K˜T+1
, there exists a parametrized periodic orbit (γm+1, Tm+1 ≤ T ) such
that its homotopy class lm+1 does not belong to the set {li; 1 ≤ i ≤ m} and such that
max
t∈[0,T ]
dg(γm+1(t), γi(t)) > δ (5.7)
for all i ∈ 1, ...,m.
Proof of the claim: Recall that ](ΛT,δX ((γ1, T1), ..., (γm, Tm))) ≤ m(K˜T+1). There-
fore, becausem < NX(T )
K˜T+1
, there exists a free homotopy lm+1 ∈ ΛTX\ΛT,δX ((γ1, T1), ..., (γm, Tm)).
Choose a parametrized periodic orbit (γm+1, Tm+1) with Tm+1 ≤ T in the homotopy class
lm+1.
As lm+1 /∈ ΛT,δX ((γ1, T1), ..., (γm, Tm)), we must have maxt∈[0,T ] dg(γm+1(t), γi(t)) >
δ for all i ∈ 1, ...,m; thus completing the proof of the claim.
Step 4: Obtaining a T, δ separated set.
As usual, we denote by bNX(T )
K˜T+1
c the largest integer which is ≤ NX(T )
K˜T+1
. The strategy
is now to use the inductive step to obtain a set STX = {(γi, Ti); 1 ≤ i ≤ bNX(T )K˜T+1 c}
satisfying conditions (a) and (b) above with the maximum possible cardinality. We
start with a set ST1 = {(γ1, T1)}, which clearly satisfies conditions (a) and (b), and
if 1 < bNX(T )
K˜T+1
c we apply the inductive step to obtain a parametrized periodic orbit
(γ2, T2 ≤ T ) such that ST2 = {(γ1, T1), (γ2, T2 ≤ T )} satisfies (a) and (b). We can go
on applying the inductive step to produce sets STm = {(γi, Ti); 1 ≤ i ≤ m} satisfying
the desired conditions (a) and (b) as long as m − 1 is smaller than bNX(T )
K˜T+1
c. By this
process we can construct a set STX = {(γi, Ti); 1 ≤ i ≤ bNX(T )K˜T+1 c} such that for all
i, j ∈ {1, ..., bNX(T )
K˜T+1
c} (a) and (b) above hold true.
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For each i ∈ {1, ..., bNX(T )
K˜T+1
c} let qi = γi(0). We define the set P TX := {qi; 1 ≤ i ≤
bNX(T )
K˜T
c+ 1}. The condition (b) satisfied by STX implies that P TX is a T, δ-separated set.
It then follows from the definition of the δ- entropy hδ that
hδ(φX) ≥ lim sup
T→+∞
log(bNX(T )
K˜T+1
c)
T
. (5.8)
Step 5: Suppose now that for constants a > 0 and b we have NX(T ) ≥ eaT+b.
For every  > 0 we know that for T big enough we have eT > K˜T + 1. This
implies that
lim sup
T→+∞
log(bNX(T )
K˜T+1
c)
T
≥ lim sup
T→+∞
log(b eaT+b
eT
c)
T
= lim sup
T→+∞
log(be(a−)T+bc)
T
. (5.9)
It is clear that lim supT→+∞
log(be(a−)T+bc)
T = a − . We have thus proven that if
for constants a > 0 and b we have NX(T ) ≥ eaT+b then hδ(φX) ≥ a− . Because  can
be taken arbitrarily small we obtain:
hδ(φX) ≥ a. (5.10)
Step 6: We have so far concluded that for all δ <
g
106
we have hδ(φX) ≥ a. We
then have:
htop(φX) = lim
δ→0
hδ(φX) ≥ a (5.11)
finishing the proof of the theorem.
Remark: One could naively believe that there exists a constant δg > 0 depending
only on the metric g, such that if two parametrized closed curves σ1 : R→M of period
T1 and σ2 : R → M of period T2 satisfy supt∈[0,max{T1,T2}]{dg(σ1(t), σ2(t))} < δg then
(γ1, T1) and (γ2, T2) are freely homotopic to each other. This would make the proof of
Theorem 1 much shorter. However such a constant does not exist. One can easily find
for any δ > 0 two parametrized curves in the 3-torus which are in different primitive
free homotopy classes and satisfy supt∈[0,max{T1,T2}]{dg(σ1(t), σ2(t))} < δ. We sketch the
construction below.
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x
y
p0
p1
p2
p̂
Figure 2
Consider coordinates (x, y, z) ∈ (R/Z)3 on the three dimensional torus T3. Figure
2 above represents the universal cover of the two dimensional torus T2 ⊂ T3 obtained
by fixing the coordinate z = 0 in T3. The dotted points p0, p̂, p1 and p2 in the figure
represent lifts of a point p ∈ T2. It is then clear that the curve c represented in the
figure projects to a smooth immersed curve in T2 ⊂ T3.
We consider a parametrization by arc length ς1 : [0, T1] → R2 of the piece of c
connecting p0 and p1. We can extend ς1 periodically to R by demanding that ς1(t) =
ς1(t) + (1, 2) for all t ∈ R. This extension is a lift to R2 of the closed immersed curve
obtained by projecting ς1([0, T1]) to T2. By a very small perturbation of the projection
of ς1([0, T1]) we can produce a closed smooth embedded curve σ1 : [0, T1] → T3 which
closes at the point (p, 0) = σ1(0) = σ1(T1). We consider the natural extension of σ1 to
R obtained by demanding that σ1(t) = σ1(t− T1) for all t ∈ R.
Analogously we consider a parametrization by arc length ς2 : [0, T1 + 1] → R2 of
the piece of c connecting p0 and p2. We can also extend ς2 periodically to R, this time
demanding that ς2(t) = ς2(t) + (1, 3). By making a very small perturbation of ς2 we can
produce a closed smooth embedded curve σ2 : [0, T1 + 1]→ T3 which closes at the point
(p, δK ) = σ2(0) = σ2(T1 + 1) and which is disjoint from the image of σ1 .We consider the
natural extension of σ2 to R obtained by demanding that σ2(t) = σ2(t− (T1 + 1)) for all
t ∈ R.
We point out that the extensions ς1 : R → R2 and ς2 : R → R2 coincide on the
interval [0, T1 + 1]. To see this just notice that the piece of c connecting p0 and p̂ and
the piece of c connecting p1 and p2 project to the same circle in T2.
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Let now σ0 : [0, T1 + 1] → T2 be the parametrized curve obtained by projecting
ς1 : [0, T1 + 1] → R2, which equals ς2 : [0, T1 + 1] → R2, to the torus T2. The curves
σ1|[0,T1+1] and σ2|[0,T1+1] are both perturbations of the parametrized curve σ0. By making
the perturbations sufficiently small we can guarantee that σ1|[0,T1+1] and σ2|[0,T1+1] are
arbitrarily close. It is immediate to see that σ1|[0,T1+1] and σ2|[0,T1+1] are in distinct
homotopy classes.
Chapter 6
Exponential homotopical growth
rate of CHcyl(λ0) and estimates for
htop
In this section we define the exponential homotopical growth of contact homology and
relate it to the topological entropy of Reeb vector fields. The basic idea is to use non-
vanishing of cylindrical contact homology of (M, ξ) in a free homotopy class to obtain
existence of Reeb orbits in such an homotopy class for any contact form on (M, ξ); this
idea is present in [30, 37]. It is straightforward to see that the period and action of a
Reeb orbit are equal and in the sequel we will use the same notation to refer period and
action of Reeb orbits.
Let (M, ξ) be a contact manifold and λ0 be a hypertight contact form on (M, ξ).
For T > 0 we define
∧˜
T (λ0) to be the set of free homotopy classes of M such that
ρ ∈ ∧˜T (λ0) if, and only if, all Reeb orbits of Xλ0 in ρ are simply covered, non-degenerate,
have action/period smaller than T and CHρcyl(λ0) 6= 0. We define N cylT (λ0) to be the
cardinality ](
∧˜
T (λ0)).
Definition: We say that the cylindrical contact homology CHcyl(λ0) of (M,λ0)
has exponential homotopical growth with exponential weight a > 0 if there exist T0 ≥ 0
and b, such that for all T ≥ T0 N cylT (λ0) = ](
∧˜
T (λ0)) ≥ eaT+b.
The main result of this section is the following:
Theorem 6.1. Let λ0 be a hypertight contact form on a contact manifold (M, ξ) and
assume that the cylindrical contact homology CHcyl(λ0) has exponential homotopical
growth with exponential weight a > 0. Then for every Ck (k ≥ 2) contact form λ on
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(M, ξ) the Reeb flow of Xλ has positive topological entropy. More precisely, if fλ is the
unique function such that λ = fλλ0, then
htop(Xλ) ≥ a
max fλ
. (6.1)
Proof: We write E = max f .
Step 1:
We assume initially that λ is non-degenerate and C∞. For every  > 0 is possible to
construct an exact symplectic cobordism from (E + )λ0 to λ. Analogously, for e > 0
small enough, it is possible to construct an exact symplectic cobordism from λ to eλ0.
Using these cobordisms, it is possible to construct a splitting family (R×M,$R, JR)
from (E+)λ0 to eλ0, along λ, such that for every R > 0 (R×M,$R, JR) is homotopical
to the symplectization of λ0. We fix a regular almost complex structure J0 ∈ J ρreg(λ0)
and J ∈ J (λ), and demand that JR coincides with J0 in the positive and negative ends
of the cobordism, and with J on [−R,R]×M .
Let ρ ∈ ∧˜T (λ0). We claim that for every R there exists a finite energy pseudo-
holomorphic cylinder w˜ in (R×M,JR) positively asymptotic to a Reeb orbit in Pρλ0 and
negatively asymptotic to an orbit in Pρλ0 .
If this was not true for a certain R > 0, then because of the absence of pseu-
doholomorphic cylinders asymptotic to Reeb orbits in Pρλ0 we would have that JR ∈
J ρreg(J0, J0). Therefore, the map ΦJR : CHρcyl(λ0) → CHρcyl(λ0) induced by (R ×
M,$R, JR) is well-defined. But because there are no pseudoholomorphic cylinders
asymptotic to Reeb orbits in Pρλ0 , we have that the map ΦJR : CH
ρ
cyl(λ0) → CHρcyl(λ0)
vanishes. On the other hand, from section 3.3 we know that ΦJR the identity. As
ΦJR vanishes and is the identity we conclude that CHρcyl(λ0) = 0, contradicting that
ρ ∈ ∧˜T (λ0).
Step 2:
Let ρ ∈ ∧˜T (λ0), Rn → +∞ be a strictly increasing sequence and w˜n : R× (S1×R, i)→
(R×M,JRn) be a sequence of pseudoholomorphic cylinders with one positive puncture
asymptotic to an orbit in Pρλ0 and one negative puncture asymptotic to an orbit in P
ρ
λ0
.
Notice that, because of the properties of ρ the energy of w˜n is uniformly bounded.
Therefore we can apply the SFT compactness theorem to obtain a subsequence of
w˜n which converges to a pseudoholomorphic buiding w˜. Notice that in order to apply
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the SFT compactness theorem we need to use the non-degeneracy of λ. Moreover we
can give a very precise description of the building.
Let w˜k for k ∈ {1, ...,m} be the levels of the pseudoholomorphic building w˜.
Because the topology of our curve doesn’t change on the breaking we have the following
picture:
• the upper level w˜1 is composed by one connected pseudoholomorphic curve, which
has one positive puncture asymptotic to an orbit γ0 ∈ Pρλ0 , and several negative
punctures. All of the negative punctures detect contractible orbits, except one
that detects a Reeb orbit γ1 which is also in ρ.
• on every other level w˜k there is a special pseudoholomorphic curve which has one
positive puncture asymptotic to a Reeb orbit γk−1 in ρ, and at least one but
possibly several negative punctures. Of the negative punctures there is one that is
asymptotic to an orbit γk in ρ, while all the others detect contractible Reeb orbits.
Because of the splitting behavior of the cobordisms (R ×M,JRn it is clear that
there exists a k0, such that the level w˜
k is in an exact symplectic cobordism from (E+)λ0
to λ. This implies that the special orbit γk0 is a Reeb orbit of Xλ in the homotopy class
ρ.
Notice that A(γ0) ≤ (E + )T . This implies that all the other orbits appearing as
punctures of the building w˜ have action smaller than (E + )T , and in particular that
γk0 has action smaller than (E + )T .
As we can do the construction above for any  > 0 we can obtain a sequence
of Reeb orbits γK0(j) which are all in ρ and such that A(γK0(j)) ≤ (E + 1j )T . Using
Arzela-Ascoli’s Theorem one can extract a convergent subsequence of γρj . Its limit γρ is
clearly a Reeb orbit of λ in the free homotopy class ρ and with action smaller or equal
to ET .
Step 3: Estimating NXλ(T ).
1
From step 2, we know that if ρ ∈ ∧˜T (λ0) then there is a Reeb orbit γρ of the Reeb
flow of Xλ with A(γρ) ≤ ET . Recalling that the period and the action of a Reeb orbit
coincide we obtain that NXλ(T ) ≥ ](
∧˜
T
E
(λ0)). Under the hypothesis of the theorem we
have
NXλ(T ) ≥ e
aT
E
+b. (6.2)
1Recall that as we defined in Chapter 5, NXλ(T ) is the number of distinct free homotopy classes of
M that contain periodic orbits of Xλ with period ≤ T .
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Applying Theorem 5.1 we then obtain htop(Xλ) ≥ aE . This proves the theorem in the
case λ is C∞ and non-degenerate.
Step 4: Passing to the case of a general Ck≥2 contact form λ (the case where λ
is degenerate is included here).
Let λi be a sequence of non-degenerate contact forms converging in the C
k-
topology to a contact form λ which is Ck (k ≥ 2) and possibly degenerate. For every
 > 0 there is i0 such that for i > i0; there exists an exact symplectic cobordism from
(E + )λ0 to λi.
Fixing then an homotopy class ρ ∈ ∧˜T (λ0) we know, by the previous steps, that
there exists a Reeb orbit γρ(n) of λn in the homotopy class ρ with action smaller than
(E+ )T . By taking the sequence γρ(n) and applying Arzela-Ascoli’s theorem we obtain
a subsequence which converge to a Reeb orbit γ,ρ of Xλ withA(γ,ρ) ≤ (E+ )T . Notice
that here we use that λ is at least C2 (so that Xλ is at least C
1) in order to be able to
use Arzela-Ascoli’s theorem.
Because  > 0 above can be taken arbitrarily close to 0 we can actually obtain
a sequence γj,ρ of Reeb orbits of Xλ whose homotopy class is ρ such that the actions
A(γj,ρ) converges to ET . Again applying Arzela-Ascoli’s theorem, we obtain that the
sequence γj,ρ has a convergent subsequent, which converges to an orbit γρ satisfying
A(γj,ρ) ≤ ET .
Reasoning as in step 3 above, we obtain that NXλ(T ) ≥ e
aT
E
+b. Applying Theorem
1 we obtain the desired estimate for the topological entropy. This finishes the proof of
the theorem.
Chapter 7
Unit tangent bundles of
hyperbolic manifolds
7.1 Contact forms for geodesic flows
The first class of examples we will study is of unit tangent bundles of orientable hy-
perbolic manifolds. Given a manifold Q its unit tangent bundle T1Q can be given a
canonical contact structure which we will denote by ξgeo. This contact structure is as-
sociated to geodesic flows in the sense that for every Riemannian metric g on Q, the
geodesic flow of g on T1Q is a Reeb flow on (T1Q, ξgeo). We begin by recalling how this
can be done; our reference for this construction is [38].
Given a compact orientable manifold Q of dimension n, let g be any Riemannian
metric on Q. This metric induces a unique distribution of n planes in the tangent bundle
TQ, the so called horizontal distribution Hg (see section 1.3 in [38]). This distribution is
always transverse to the vertical distribution V in TQ, which is the unique distribution
of n-planes always tangent to the fibres of TQ. This implies that for every y ∈ TQ we
have the splitting TyTQ := Hy
⊕
Vy. Let pi : TQ → Q be the canonical projection.
Because H is transversal to the fibers we have that at each point y ∈ TQ the restriction
of the the differential Dpi to Hy is an isomorphism between Hy and Tpi(y)Q. With this
in hand, we can use the map pi to pull back g to an inner product in the distribution
H. The metric g also induces an inner product on the distribution V . Using these two
inner products we have as a result a metric gˆ induced by g on the bundle TQ, which is
usually called the Sasaki metric on TQ.
We will now introduce an almost complex structure Jg on TQ associated to the
metric g. Let v ∈ TqQ and y ∈ pi−1(q). From our previous discussion we know that there
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are unique vectors vH ∈ Hy and vV ∈ Hy which are associated to v: vH is the unique
vector in H(q,v) that is in the pre-image of the restriction of Dpi to H(q,v), and vV is the
vector on the fiber TqQ of TQ canonically identified with v. Now, for each vector vˇ ∈ Hy
we define Jg(vˇ) := (pi(vˇ))V ∈ Vy, and for each v˘ ∈ Vy we define Jg(v˘) := −(pi(v˘))H ∈ Hy.
It is easy to see that there is a unique way to extend Jg to an almost complex structure
on TQ.
With this in hand we can define a symplectic form $g in TQ. For vectors v1, v2 ∈
TyTQ we define
$gy(v1, v2) := gˆ(Jg(v1), v2). (7.1)
We will not prove here that $g is indeed a symplectic form, but refer to [38] for the
proof. Define the function H on TQ by H(q, v) := gq(v, v). Again in the reference [38],
it is proven that the Hamiltonian vector field XH associated to H via the symplectic
form $ is the geodesic vector field Gg of the metric g, and the unit tangent bundle T1Q
is diffeomorphic to set H−1(1).
Lastly we have the following definition:
αg := iGg gˆ (7.2)
With these definitions, we can state the following proposition, the proof of which
can be found in page 16 of [38].
Proposition 7.1. The restriction αg |H−1(1) of αg is a contact form on T1Q. Moreover,
its Reeb vector field Xα is the restriction of geodesic vector field Gg to H
−1(1).
This proposition justifies what we claimed previously about the relation between
geodesic flows and Reeb flows. It shows that any geodesic flow is a Reeb flow for
some contact form. As the contact form αg on T1Q varies continuously as we very g
continuously in the contractible spaceMET of Riemannian metrics on Q, we can apply
Gray’s stability theorem ([25]) to conclude that all αg are associated to a unique (up to
diffeomorphism) contact structure ξgeo on the unit tangent bundle T1Q. This contact
structure ξgeo is therefore related to all geodesic flows on T1Q as it contains all of them
among its Reeb flows.
Lastly we introduce some terminology. Given a closed geodesic c of a Riemannian
metric g, its lift to T1Q is the periodic trajectory γ of the geodesic flow of g associated
obtained from the arc length parametrization of c. It follows from our previous discussion
that γ is a Reeb orbit of αghyp . We will sometimes also refer to γ as the Reeb orbit of
αghyp obtained by lifting c.
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7.2 Exponetial homotopical growth rate of CHcyl(αghyp)
We now specialise our discussion to the case where of a compact hyperbolic manifold
(Qhyp, ghyp), i.e. Qhyp is a compact orientable manifold endowed with a hyperbolic ghyp.
In this case, let αghyp be the contact form on T1Qhyp given in Proposition 7.2 In order
to estimate the growth rate of CHcyl(αghyp), we begin introducing some notation.
Let Λ(Qhyp) be the free loop space of Qhyp and Λ0(Qhyp) ⊂ Λ(Qhyp) be the subset
of primitive free homotopy classes. For every element ρ ∈ Λ0(Qhyp) let cρ ⊂ Qhyp be
the unique hyperbolic geodesic of ghyp in the homotopy class ρ; it is a classical fact of
hyperbolic geometry that every non-trivial free homotopy class on a hyperbolic manifold
contains exactly one closed hyperbolic geodesic, see [5]. The geodesic cρ lifts to a unique
Reeb orbit γρ in T1Qhyp; γρ is the trajectory of the geodesic flow of ghyp associated to
the geodesic cρ. This uniqueness allows us to define a map H : Λ0(Qhyp)→ Λ(T1Qhyp) 1
in the following way: for ρ ∈ Λ0(Qhyp) we define H(ρ) as the free homotopy class of the
Reeb orbit γρ defined above. We then have the following
Proposition 7.2. For each ρ ∈ Λ0(Qhyp) the free homotopy class H(ρ) contains exactly
one Reeb orbit of αghyp. This is the Reeb orbit γρ constructed above.
Proof: Suppose there is a Reeb orbit γ′ρ belonging to free homotopy class H(ρ) and
distinct from the Reeb orbit γρ. Then γρ and γ
′
ρ would project to two different hyperbolic
geodesics cρ and c
′
ρ in Qhyp. Because γρ and γ
′
ρ are freely homotopic in T1Qhyp, the two
hyperbolic geodesics cρ and c
′
ρ would be freely homotopic in Qhyp, and would moreover
belong to the free homotopy class ρ. But since cρ is the only hyperbolic geodesic in ρ
we must have c′ρ = cρ which contradicts our assumption that the Reeb orbits γ′ρ and γρ
are distinct.
Two consequences of the previous proposition are
Corollary 7.3. For each ρ ∈ Λ0(Qhyp) the cylindrical contact homology CHH(ρ)cyl (αghyp)
on the homotopy class H(ρ) is well-defined and does not vanish.
Proof:
Because H(ρ) contains only one Reeb orbit of αghyp which is simply covered, the results of
section 4.3 to imply that the cylindrical contact homology CHH(ρ)cyl (αghyp) is well-defined.
Moreover as the chain complex CH
H(ρ)
cyl (αghyp) contains only one element, it is clear that
CHH(ρ)cyl (αghyp) 6= 0.
Corollary 7.4. The H defined above is an injection.
1Λ(T1Qhyp) denotes the free loop space of T1Qhyp.
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Proof: The proof is immediate from Proposition 7.2.
We are now ready to prove the main result of this chapter.
Theorem 7.5. CHcyl(αghyp) has exponential homotopical growth rate.
Proof:
Given T > 0, denote by Λ≤T0 (Qhyp) the subset of Λ0(Qhyp) of free homotopy classes that
contain a closed hyperbolic geodesic of length smaller or equal to T . It is an elementary
fact that the length of any hyperbolic c equals the action of the Reeb orbit γ obtained
by lifting c to the unit tangent bundle. Combining this with Proposition 7.2, Corollary
7.3 we obtain that the set Λ˜T (αghyp) contains the set H(Λ
≤T
0 (Qhyp)). This implies that
N cylT (αghyp) ≥ #(H(Λ≤T0 (Qhyp))). (7.3)
Applying then Corollary 7.4 we obtain
N cylT (αghyp) ≥ #(Λ≤T0 (Qhyp)). (7.4)
Because each homotopy class in Λ(Qhyp)) contains exactly one closed hyperbolic
geodesic, it follows that the number #(Λ≤T0 (Qhyp)) equals the number NT (ghyp) of closed
geodesics of ghyp of length ≤ T . Moreover, as the geodesic flow of a compact hyperbolic
manifold is Anosov we know [35] that there exist constants T0, a > 0 and b such that
NT (ghyp) ≥ eaT+b (7.5)
for all T ≥ T0. Combining all this we conclude that
N cylT (αghyp) ≥ eaT+b, (7.6)
which gives the desired exponential growth.
Chapter 8
Contact 3-manifolds with a
hyperbolic component
In this chapter we will prove the following theorem:
Theorem 8.1. Let M be a closed connected oriented 3-manifold which can be cut along
a nonempty family of incompressible tori into a family {Mi, 0 ≤ i ≤ k} of irreducible
manifolds with boundary, such that the component M0 satisfies:
• M0 is the mapping torus of a diffeomorphism h : S → S with pseudo-Anosov
monodromy on a surface S with non-empty boundary.
Then M can be given infinitely many non-diffeomorphic contact structures ξk, such that
for each ξk there exists a hypertight contact form λk on (M, ξk) which has exponential
homotopical growth of cylindrical contact homology.
We denote by S a surface with boundary and ω a symplectic form on S. Let h be
a symplectomorphism of (S, ω) to itself, with pseudo-Anosov monodromy and which is
the identity on a neighbourhood of ∂S. We follow a well known recipe to construct a
suitable contact form in the mapping torus Σ(S, h).
We choose a primitive β for ω such that for coordinates (r, θ) ∈ [−, 0] × S1 in a
neighbourhood V of ∂S we have β = f(r)dθ, where f > 0 and f ′ > 0. We pick a smooth
non-decreasing function F0 : R → [0, 1] which satisfies F0(t) = 0 for t ∈ (−∞, 1100) and
F0(t) = 1 for t ∈ ( 1100 ,+∞). For i ∈ Z we define Fi(t) = F0(t − i). Fixing  > 0, we
define a 1-form α˜ on R× S by letting
α˜ = dt+ (1− Fi(t))(hi)∗β + Fi(t)(hi+1)∗β for t ∈ [i, i+ 1) (8.1)
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It is immediate to see that this defines a smooth 1-form on R×S, and a simple compu-
tation shows that if  is small enough the 1-form α˜ is a contact form. For t ∈ [0, 1], the
Reeb vector field Xα˜ is equal to ∂t + v(p, t), where v(p, t) is the unique vector tangent
to S that satisfies ω(v(p, t), ·) = F ′0(t)β − F ′0h∗β.
Consider on the diffeomorphism H : R × S → R × S defined by H(t, p) = (t −
1, h(p)). The mapping torus Σ(S, h) is defined by:
Σ(S, h) := (R× S)/(t,p)∼H(t,p), (8.2)
and we denote by pi : R× S → Σ(S, h) the associated covering map.
Because H∗α˜ = α˜, there exists a unique contact form α on Σ(S, h) such that
pi∗α = α˜. Notice that in the neighbourhood S1×V of ∂Σ(S, h), α = dt+ f(r)dθ, which
implies that Xα is tangent to ∂Σ(S, h).
The Reeb vector field Xα on Σ(S, h) is transverse to the surfaces {t} × S for
t ∈ R/Z. This implies that {0} × S is a global surface of section for the Reeb flow of α,
and by our expression of Xα˜ the first return map of the Reeb flow of α is isotopic to h.
By doing a sufficiently small perturbation of α supported in the interior of Σ(S, h)
we can obtain a contact form α̂ satisfying that all Reeb orbits of α̂ which are not freely
homotopic to curves in ∂Σ(S, h) are non-degenerate, and such that {0} × S is a global
surface of section for the flow of Xα̂. Notice that as the perturbation is supported in
the interior of Σ(S, h), the Reeb flow of α̂ is also tangent to the boundary of Σ(S, h).
8.1 Contact 3-manifolds containing (Σ(S, h), α̂) as a compo-
nent
Let M be a closed connected oriented 3-manifold which can be cut along a non-empty
family of incompressible tori into a family {Mi, 0 ≤ i ≤ k} of irreducible manifolds
with boundary, such that the component M0 is diffeomorphic to (Σ(S, h), α). Then
it is possible to construct hypertight contact forms on M which match with α̂ in the
component M0. More precisely, we have the following result due to Colin and Honda,
and Vaugon:
Proposition 8.2. ([13, 43]) Let M be a closed connected oriented 3-manifold which can
be cut along a non-empty family of incompressible tori into a family {Mi, 0 ≤ i ≤ k}
of irreducible manifolds with boundary, such that the component M0 is diffeomorphic
to (Σ(S, h), α). Then, there exist an infinite family {ξk, k ∈ Z} of non-diffeomorphic
contact structures on M such that
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• for each k ∈ Z there exists a hypertight contact form λk on (M, ξk) which coincides
with α̂ on the component M0.
We briefly recall the construction of the contact forms λk, and refer the reader to
[13, 43] for the details. When i ≥ 1, we apply The´ore`me 1.3 of [13] to obtain a hypertight
contact form αi on Mi which is compatible with the orientation of Mi, and whose Reeb
vector field Xαi is tangent to the boundary of Mi. On the special piece M0 we consider
the the contact form α0 equal to α̂ constructed in the above.
Let {Tj |1 ≤ j ≤ m} be the family of incompressible tori along which we cut M
to obtain the pieces Mi. Then the contact forms αi give a hypertight contact form on
each component of M \ ⋃mj≥1V(Tj), where V(Tj) is a small open neighborhood of Tj .
This gives a contact form λ̂ on M \ ⋃mj≥1V(Tj). Using an interpolation process (see
section 7 of [43]), one can construct contact forms on the neighborhoods V(Tj) which
coincide with λ̂ on ∂V(Tj). The interpolation process is not unique and can be done
in such ways as to produce an infinite family of distinct contact forms {λk | k ∈ Z} on
M that extend λ̂, and which are associated to contact structures ξk := kerλk that are
all non-diffeomorphic. The contact topological invariant used to show that the family
{ξk | k ∈ Z} is composed by non-diffeomorphic contact structures is the Giroux torsion
(see section 7 of [43]).
8.2 Proof of Theorem 8.1
It is clear that Theorem 8.1 will follow from Theorem 6.1, if we establish that the
cylindrical contact homology of λk has exponential homotopical growth. This is the
content of
Proposition 8.3. λk has exponential homotopical growth of cylindrical contact homol-
ogy.
Before proving the proposition we introduce some necessary ideas and notation.
The first return map of Xα̂ is a diffeomorphism ĥ : S → S which is homotopic to
h and therefore to a pseudo-Anosov map. The Reeb orbits of Xα̂ are in one-to-one
correspondence with periodic orbits of ĥ. Moreover we have that two Reeb orbits γ1 and
γ2 of Xα̂ are freely homotopic if and only if their associated periodic orbits are in the
same Nielsen class. Thus there is an injective map Ξ from the set N of Nielsen classes
to the set
∧
of free homotopy classes of Reeb orbits in Σ(S, h).
Denote by Nk the set of distinct Nielsen classes which contain only periodic orbits
of ĥ of period smaller or equal to k. Because of the pseudo-Anosov monodromy of ĥ
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we know that there are constants a > 0 and b ∈ R, such that ](Nk) > eak+b for all
k ≥ 1. Analogously define the subset ∧T (Σ(S, h)) of free homotopy classes of Σ(S, h)
which contains at least one Reeb orbit of Xα̂ and contains only Reeb orbits with action
smaller than T .
Because ĥ is the first return map for a global surface of section of the flow Xα̂,
there exists a constant η ≥ 1 such that % ∈ Nk ⇒ Ξ(%) ∈
∧
ηk(Σ(S, h)). This implies that
](
∧
T (Σ(S, h))) > e
a
η
T+b
for T ≥ η. Let ∧0T (Σ(S, h)) be the subset of ∧T (Σ(S, h)) which
contains free homotopy classes in Σ(S, h) which are primitive and different from the
ones generated by curves in ∂Σ(S, h) (we denote by
∧0(Σ(S, h)) the set ∧0+∞(Σ(S, h))).
Because the fundamental group of ∂Σ(S, h) grows quadratically we know that there is
T0 ≥ 0 such that ]
∧0
T (Σ(S, h)) ≥ e
a
η
T+b
for T ≥ T0..
We are now ready for the proof of Proposition 8.3. The main ideas of the argument
are due to Vaugon, which estimated in [43] a different growth rate of the cylindrical
contact homology λk.
Proof of Proposition 8.3:
Step 1:
Let i : Σ(S, h) → M be the injection we obtain from looking at Σ(S, h) as a
component of M . Because of the incompressibility of ∂Σ(S, h) in M , the associated
map i∗ :
∧0
T (Σ(S, h)) →
∧
(M) is injective for any T > 0 (here Λ(M) denotes the
free loop space of M). It is clear that all curves belonging to a free homotopy class
ρ ∈ i∗(
∧0(Σ(S, h)) must intersect the component M0.
Using then that the Reeb flow of λk is tangent to ∂Σ(S, h), we conclude that for
every ρ ∈ i∗(
∧0(Σ(S, h)) all the Reeb orbits of Xλk that belong to ρ are contained in the
interior of Σ(S, h). Therefore, the image i∗(
∧0(Σ(S, h)) is contained in the et ∧T (M)
of free homotopy classes of M which only contain Reeb orbits with action smaller than
T .
This mean that the map i∗ :
∧0
T (Σ(S, h)) →
∧
(M), restricts to a map i∗ :∧0
T (Σ(S, h))→
∧
T (M), where by
∧
T (M) we denote the set of free homotopy classes of
M which only contain Reeb orbits with action smaller than T .
Step 2: For every ρ ∈ i∗(
∧0(Σ(S, h)) we have CH%cyl(λk) 6= 0.
Vaugon showed (see the proofs of Lemma 7.11 and Theorems 1.3 and 1.2 on pages
27 and 28 in [43]) that the numbers of even and odd Reeb orbits in ρ differ. For Euler
characteristic reasons this implies that CH%cyl(λk) 6= 0.
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Step 3:
Recall that in Chapter 6 we defined N cylT (λk) to be the number of different free
homotopy classes % in
∧
T (M) which contained only simple Reeb orbits with action
smaller then T and such that CH%cyl(λk) 6= 0.
Combining the first two steps we obtain
N cylT (λk) ≥ ](i∗(
0∧
T
(Σ(S, h)))) = ](
0∧
T
(Σ(S, h))) ≥ eaTη +b, (8.3)
which establishes the proposition.
Proof of Theorem 8.1: As mentioned previously, Theorem 8.1 follows directly from
combining Proposition 8.3 and Theorem 6.1.
It would be interesting to obtain an upper bound on the constant η above. This
could provide a more precise estimate for the homotopical growth rate of CHcyl(λk).
Chapter 9
Graph manifolds and
Handel-Thurston surgery
Check notation and numeration on this chapter!
In [26] Handel and Thurston used Dehn surgery to obtain non-algebraic Anosov
flows in 3-manifolds. Their surgery was adapted to the contact setting by Foulon and
Hasselblatt in [20], who interpreted it as a Legendrian surgery and used it to produce
non-algebraic Anosov Reeb flows on 3-manifolds. In this chapter we apply the Foulon-
Hasselblatt Legendrian surgery to obtain other examples of contact 3-manifolds which
are distinct from unit tangent bundles and on which every Reeb flow has positive topo-
logical entropy.
Some clarifications regarding the surgeries we consider are in order. On one hand,
we restrict our attention to the Foulon-Hasselblatt surgery on Legendrian lifts of embed-
ded separating geodesics on hyperbolic surfaces. This is an important restriction, since
Foulon and Hasselblatt perform their surgery on the Legendrian lift of any immersed
closed geodesic on a hyperbolic surface. On the other hand, for this restricted class of
Legendrian knots, the surgery we consider is a bit more general than the one in [20].
They restrict their attention to Dehn surgeries with positive integer coefficients while
we consider the case of any integer coefficient, as we explain in section 9.1.
9.1 The surgery
We start by fixing some notation. Let (S, g) be an oriented hyperbolic surface and
r : S1 → S an embedded oriented separating geodesic of g. We denote by pi : (D, g) →
(S, g) a locally isometric covering of (S, g) by the the hyperbolic disc (D, g) with the
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property that (−1, 1) × {0} ⊂ pi−1(r(S1)). Such a covering always exists since the
segment (−1, 1)×{0} of the real axis is a geodesic in (D, g). We denote by v(θ) the unique
unitary vector field over r(θ) satisfying ∠(r′(θ), v(θ)) = −pi2 . Our orientation convention
is chosen so that for coordinates z = x + iy ∈ D, the lift of v(θ) to (−1, 1) × {0} is a
positive multiple of the vector field −∂y over (−1, 1)×{0}. Also, let Π : T1S → S denote
the base point projection.
Because r is a separating geodesic, we can cut S along r to obtain two oriented
hyperbolic surfaces with boundary which we denote by S1 and S2. Our labelling is chosen
so that the vector field v(θ) points inward S2 and outward S1. This decomposition of S
induces a decomposition of T1S in T1S1 and T1S2. Both T1S1 and T1S2 are 3-manifolds
whose boundary is the torus formed by the the unit fibers over r.
Denote by Vr,δ the closed δ−neighbourhood of the the geodesic r for the hyperbolic
metric g. For δ > 0 sufficiently small we have that Vr,δ is an annulus such that the only
closed geodesics contained in Vr,δ are the covers of r, and that satisfies the following
convexity property: if V˘ is the connected component of pi−1(Vr,δ) containing (−1, 1) ×
{0}, then every segment of a hyperbolic geodesic starting and ending in V˘ is completely
contained in V˘ . It also follows from the conventions adopted above, that if we denote
by U+ the upper hemisphere of the D composed of points with positive imaginary
component and by U+ the lower hemisphere of the D composed of points with negative
imaginary component, we have:
V˘ ∩ U+ ⊂ pi−1(S1) and V˘ ∩ U− ⊂ pi−1(S2). (9.1)
This fact has the following important consequence: if ν([0,K]) is a hyperbolic geodesic
segment starting and ending at Vr,δ and contained in one of the Si, then [ν] is a non-trivial
homotopy class in the relative fundamental group pi1(Si, Vr,δ).
On the unit tangent bundle T1S we consider consider the contact form λg whose
Reeb vector field is the geodesic vector field for the hyperbolic metric g. It is well
known that the lifted curve (r(θ), v(θ)) in T1S is Legendrian on the contact manifold
(T1S, kerλg). The geodesic vector field Xλg over the Legendrian curve coincides with
the horizontal lift of v (see section 1.3 of [38]), points inward T1S2 and outward T1S1,
and is normal to ∂T1S2 = ∂T1S1 for the Sasaki metric on T1S.
Moreover if δ > 0 is small enough we know that for every ϑ ∈ Lr there exists
numbers t1 < 0 and t2 > 0 such that:
φt1λg(ϑ) ∈ T1S1 \Π−1(Vr,δ), (9.2)
φt2λg(ϑ) ∈ T1S2 \Π−1(Vr,δ). (9.3)
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Following [20], we know that there exists a neighbourhood B3η2 of Lr on which we
can find coordinates (t, s, w) ∈ (−3η, 3η)× S1 × (−2, 2) such that:
λg = dt+ wds, (9.4)
Lr = {0} × S1 × {0}, (9.5)
where {0} × {θ} × (−2, 2) is a local parametrization of the unitary fiber over θ ∈ Lr,
and  < η4|q|pi , with q being a fixed integer. Let W− = {−3η} × S1 × (−2, 2) and
W+ = {+3η} × S1 × (−2, 2). It is clear that Π(W−) ⊂ S1 and Π(W+) ⊂ S2. Because
on B
3η
2 the Reeb vector field Xλg is given by ∂t, it is clear that for every point p ∈ B3η2
there are p− ∈ W−, p+ ∈ W+, t− ∈ (−6η, 0) and t+ ∈ (0, 6η) for which:
φt
−
Xλg
(p) = p− and φt
+
Xλg
(p) = p+ (9.6)
This means that trajectories of the flow of Xλg that enter the box B
3η
2 enter throughW−
and exit through W+. They cannot stay inside B3η2 for a very long positive or negative
interval of time. We can say even more about these trajectories.
For σ = (p, p˙) ∈ (S × TpS) in W+ ∪ W− let σ˜ = (p˜, ˙˜p) be a lift of σ to the unit
tangent bundle T1D such that p˜ ∈ V˘ . The geodesic vector field Xλg in σ˜ coincides with
the horizontal lift of p˙ ([38][section 1.3]). For δ, η > 0 and  < η4|q|pi sufficiently small we
can guarantee that:
• Π(B3η2 ) is contained in Vr,δ,
• for the lifts σ˜ = (p˜, ˙˜p) of points in W+ ∪W− as above, the vector ˙˜p (which is the
projection of the geodesic vector field Xλg(σ˜)) satisfies ∠( ˙˜p,−∂y) < δ.
With a such a choice of δ > 0, η > 0 and 0 <  < η4|q|pi , we obtain that for every
σ+ ∈ W+ there exists tσ+ > 0 and for every σ− ∈ W− there exists tσ− < 0 such that:
φ
tσ+
Xλg
(σ+) ∈ (T1S2) \ Vr,δ and ∀t ∈ [0, tσ+ ] φtXλg (σ
+) /∈ B3η2 , (9.7)
φ
tσ−
Xλg
(σ−) ∈ (T1S1) \ Vr,δ and ∀t ∈ [tσ− , 0] φtXλg (σ
+) /∈ B3η2 . (9.8)
To prove this last condition above one uses the fact that ∠( ˙˜p,−∂y) < δ is small and
studies the behavior of geodesics in (D, g) starting at points close to the real axis and
with initial velocity close to −∂y. It is easy to see that such geodesics have to cut through
the region Vr,δ and visit the interior of both S1 \ Vr,δ and S2 \ Vr,δ. From now on we will
assume that δ > 0, η > 0 and 0 <  < η4|q|pi are such that the all the above mentioned
properties described for them being sufficiently small, hold simultaneously.
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Consider the map F : B2η2 \B
η
 → B2η2 \B
η
 defined by
F (t, s, w) = (t, s+ f(w), w) for (t, s, w) ∈ (η, 2η)× S1 × (−2, 2), (9.9)
where f(w) = −qR(w ) (for our previously chosen integer q) and R : [−1, 1] → [0, 2pi]
satisfies R = 0 on a neighbourhood of −1, R = 2pi on a neighbourhood of 1, 0 ≤ R′ ≤ 4
and R′ is an even function.
Our new 3-manifold M is obtained by gluing T1S \Bη and B2η2 using the map F :
M = (T1S \Bη ) ∪B2η2
/
(x ∈ B2η2 \B
η
 ) ∼ (F (x) ∈ T1S \Bη ) (9.10)
Notice that T1S = (T1S \B
η
 ) ∪B2η2
/
(x ∈ B2η2 \B
η
 ) ∼ (x ∈ T1S \Bη ) . This
clarifies our construction of M and shows that M is obtained from T1S via a Dehn
surgery on Lr. We follow [20] to endow M with a contact form which coincides λg
outside of B2η2 . As a preparation we define the function β : (−3η, 3η)→ R:
• β is equal to 1 in an open neighbourhood of [−2η, 2η],
• |β′| ≤ piη and suppβ is contained in [−3η, 3η].
Using β we define
r(t, w) = β(t)
∫ w
−2
xf ′(x)dx. (9.11)
We point out to the reader that supp(r) is contained in B3η and therefore so is supp(dr).
Notice also, that in B2η2 \B
η
 one has dr =
w
2 f
′(w)dw.
Again following [20] we define in T1S \Bη the 1-form
Ar = dt+ wds+ dr for (−3η,−η), (9.12)
Ar = dt+ wds− dr for (η, 3η), (9.13)
Ar = λg otherwise. (9.14)
Notice that because supp(dr) is contained in B3η the 1-form Ar is well-defined.
On the box B2η2 we define
A˜ = dt+ wds+ dr. (9.15)
A direct computation shows that F ∗(Ar) = A˜, which means that the gluing map
F allows us to glue the 1-forms Ar and A˜. We denote by λFH the 1-form in M obtained
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by gluing A˜ and Ar. We will denote by B˜ the following region:
B˜ = ((B
3η
2 \B
η
 ) ⊂M) ∪B2η2
/
(x ∈ B2η2 \B
η
 ) ∼ (F (x) ∈ (B3η2 \B
η
 ) (9.16)
The importance of this region lies in the fact that in M \ B˜ = T1S \ B3η2 , the contact
form λFH coincides with λg.
Following [20] one shows through a direct computation that (dt + wds ± dr) ∧
(dw ∧ ds) = (1 ± ∂r∂t )dt ∧ dw ∧ ds. Using the fact that  < η8pi|q| one gets that |∂r∂t | < 1,
thus obtaining that (dt+ wds± dr) is a contact form. It follows from this that Ar and
A˜ are contact forms in their respective domains and therefore λFH is a contact form in
M . More strongly, Foulon and Hasselblatt proceed to show that if q is non-negative the
Reeb flow of λFH is an Anosov Reeb flow.
9.2 Hypertightness and exponential homotopical growth
of contact homology of λFH
For q ∈ N the hypertightness of λFH follows from the fact that its Reeb flow is Anosov
[19]. In this section we give an independent and completely geometrical proof of hyper-
tightness of λFH , which is valid for every q ∈ Z.
To understand the topology of Reeb orbits of λFH we will study trajectories that
enter the surgery region B˜. We start by studying trajectories in B2η2 . In this region we
have
XλFH =
∂t
1 + ∂tr
. (9.17)
This implies, similarly to what happens of λg, that for points p ∈ B2η2 the trajectory
φtXλFH
(p) leaves the box B2η2 in forward and backward times. More precisely, there
exists a constant a˜ > 0 depending only on λFH , such that for p ∈ B2η2 there are
p˘− ∈ W˘− = {−2η} × S1 × [−2, 2], p˘+ ∈ W˘+ = {+2η} × S1 × [−2, 2], t˘− ∈ (−a˜, 0]
and t˘+ ∈ [0, a˜) such that
φtXλFH
(p˘) is in the interior of B2η2 for every t ∈ (t−, t+),
φt
−
XλFH
(p˘) = p˘− and φt
+
Xλg
(p˘) = p˘+. (9.18)
We now analyse the trajectories of points p˘− ∈ W˘− and p˘+ ∈ W˘+. For this, we
first notice that on B˜ \Bη the contact form λFH is given by dt+wds±dr, and therefore
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we have in this region
XλFH =
∂t
1± ∂tr , (9.19)
which is still a positive multiple of ∂t.
This implies that for every p˘− ∈ W˘− and p˘+ ∈ W˘+ there exist tp˘− < 0 and tp˘+ < 0
such that
φt
p˘−
XλFH
(p˘−) ∈ W− and φtp˘
−
Xλg
(p˘+) ∈ W+ (9.20)
Again using that XλFH is a positive multiple of ∂t on B˜ \ B2η2 we have that for every
point p in B˜ \ B2η2 whose t coordinate is in [2η, 3η] the trajectory of the flow φtXλFH
going through p is a straight line with fixed coordinates s and w, that goes from W˘+ to
W+. Analogously, for every point p in B˜ \ B2η2 whose t coordinate is in [−3η,−2η] the
trajectory of the backward flow of φtXλFH
going through p is a straight line W˘− to W−.
Summing up, with all the cases considered above we have showed that for every
point p ∈ B˜ the trajectory of the flow φtXλFH going through p for t = 0 intersects W
−
for non-positive time and W+ for for non-negative time. In other words, all trajectories
that intersect B˜ enter through W− and leave through W+, which means that for all
pˇ ∈ B˜ there exist times t−pˇ ≤ 0 and t+pˇ ≥ 0 such that
φ
t+pˇ
XλFH
(pˇ) ∈ W+, (9.21)
φ
t−pˇ
XλFH
(pˇ) ∈ W−, (9.22)
φtXλFH
(pˇ) ∈ B˜ for all t ∈ [t−pˇ , t+pˇ ]. (9.23)
Now, because on M \ B˜ = T1S \ B3η2 the contact form λFH coincides with λg we
have that trajectories of XλFH starting at W− at the time t = 0 have to leave M \N as
time diminishes before reentering on B˜. Similarly the trajectories starting at W+ have
to leave M \ N for positive time before reentering on B˜. More precisely, one can use
equations (9.7) and (9.8) to show that for p− ∈ W− and p+ ∈ W+ there exist tp− < 0
and tp+ > 0 such that
φ
tp+
XλFH
(p+) ∈M2 \N and ∀t ∈ [0, tp+ ] φtXλFH (p
+) /∈ B˜, (9.24)
φ
tp−
XλFH
(p−) ∈M1 \N and ∀t ∈ [tp− , 0] φtXλFH (p
−) /∈ B˜, (9.25)
Chapter 9. Graph manifolds and Handel-Thurston surgery 63
where
M1 = (T1S1 \Bη ) ∪B2η2 (−)
/
(x ∈ B2η2 (−) \B
η
 ) ∼ (F (x) ∈ ((B3η2 ∩ T1S1) \B
η
 ) ,
M2 = (T1S2 \Bη ) ∪B2η2 (+)
/
(x ∈ B2η2 (+) \B
η
 ) ∼ (F (x) ∈ ((B2η2 ∩ T1S2) \B
η
 ) ,
N = Π
−1(Vc,δ\) ∪B2η2 (−)
/
(x ∈ B2η2 (−) \B
η
 ) ∼ (F (x) ∈ ((B3η2 ∩ T1S1) \B
η
 ) ,
for B2η2 (−) = [−2η, 0]× S1 × (−2, 2) and B2η2 (+) = [0, 2η]× S1 × (−2, 2).
Remark: It is not hard to see that M = M1 ∪M2
/
(x ∈ ∂M1) ∼ (F˜ (x) ∈ ∂M2) .
Here F˜ is a Dehn twist which coincides with (s + f(w), w) for w ∈ [−2, 2] and is the
identity elsewhere. This picture of M is closer to the one in the paper [26] and shows
that M is a graph manifold (a graph manifold is one whose JSJ decomposition consists
of Seifert S1 bundles). By using this description of M and applying Van-Kampen’s
to analyse the fundamental group of M , Handel and Thurston show that, for q not
belonging to a finite subset of Z, no finite cover of M is a Seifert manifold thus obtaining
that M is an “exotic” graph manifold.
From their definition one sees that as manifolds, M1 ∼= T1S1 and M2 ∼= T1S2. This
implies ∂M1 and ∂M2 are incompressible tori in, respectively, M1 and M2. If we look at
M1 and M2 as submanifolds of M , their boundary T coincide and is also incompressible
in M . We remark that Mi\N is diffeomorphic to T1Si\Π−1(Vc,δ) which is diffeomorphic
to T1Si for i = 1, 2.
In a similar way we can describe the topology of N . Let Ni = Mi ∩N . Reasoning
identically as one does to show that Mi is diffeomorphic to T1Si one shows that Ni is
diffeomorphic to a thickned two torus T 2 × [−1, 1]. As N is obtained from N1 and N2
by gluing them along T (which is a boundary component of both of them) we have that
N is also diffeomorphic to the product T 2 × [−1, 1] .
The discussion above proves the following
Lemma 9.1. For all p˘ ∈ B˜ the trajectory {φtXλFH (p˘) | t ∈ R} intersects M1 \ N and
M2 \N .
Proof: We have already established that for p˘ ∈ B˜ its trajectory intersect W+ for
some non-negative time and W− for some non-positive time, as it is shown in equations
(9.21) and (9.22). One now applies equations (9.24) and (9.25) to finish the proof of the
lemma.
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Notice that trajectories can only enter in B˜ through the wall W− which is con-
tained in M1 and can only exit B˜ through the wall W+ which is contained in M2. We
also point out that all trajectories of the flow φtXλFH
are transversal to T, with the ex-
ception of the two Reeb orbits which correspond to parametrizations of the hyperbolic
geodesic r (they continue to exist as periodic orbits after the surgery because they are
distant from the surgery region).
We will deduce from the previous discussion the following important lemma.
Lemma 9.2. Let γ([0, T ′]) be a trajectory of XλFH such that γ(0) ∈ T, γ(T ′) ∈ T and
for all t ∈ (0, T ′) we have γ(t) /∈ T (notice that in such a situation γ([0, T ′]) ⊂ Mi for
some i equals to 1 or 2). Then γ([0, T ′]) ∩ (Mi \N) is non-empty.
Proof: We divide the proof in 3 possible scenarios.
First case: suppose that γ([0, T ′])∩ B˜ is empty. In this case γ([0, T ′]) also exists
as a hyperbolic geodesic with endpoints in the closed geodesic r. It follows from the
convexity of the hyperbolic metric that [γ([0, T ′])] ∈ pi1(T1Si,T) is non-trivial. This
implies that [γ([0, T ′])] ∈ pi1(Mi,T) is non-trivial which can be true only if γ([0, T ′]) ∩
(Mi \N) is non-empty since N is a tubular neighbourhood of T.
Second case: suppose that γ([0, T ′])∩ B˜ is non-empty and γ([0, T ′]) ⊂M2. Take
t̂ ∈ [0, T ′] such that γ(t̂) ∈ B˜. We know from our previous discussion that there are
t̂1 ≤ t̂ ≤ t̂2 such that γ([t̂1, t̂2]) ⊂ B˜, γ(t̂1) ∈ (T∩ B˜) and γ(t̂2) ∈ W+; notice that in the
coordinates (t, s, w) for B˜ considered previously, T∩B˜ is the annulus {0}×S1×(−2, 2).
From this picture it is clear that for t smaller that t̂1 the trajectory enters in M1.
Therefore we must have t̂1 = 0 and γ([0, t̂2]) ⊂ B˜. Notice also that for all t slightly
bigger than t̂2 the trajectory is outside B˜. Because trajectories of XλFH can only enter
B˜ in M1 we obtain that γ([t̂2, T
′]) does not intersect the interior of B˜ and therefore
exists as a hyperbolic geodesic in T1S2. Now, using equations (9.7) and (9.8) we obtain
that, because γ(t̂2) ∈ W+, the trajectory γ : [t̂2, T ′]→M2 has to intersect M2\N before
hitting T at t = T ′. Thus there is some t ∈ (t̂2, T ′) for which γ(t) ∈M2 \N .
Third case: the proof in the case where γ([0, T ′])∩B˜ is non-empty and γ([0, T ′]) ⊂
M1 is analogous to the one of the Second case.
This three cases exhaust all possibilities and therefore prove the lemma.
Our reason for introducing the above decomposition of M into M1 and M2 and for
proving the lemmas above is to introduce the following representation of Reeb orbits of
λFH . Let (γ, T ) be a Reeb orbit of λFH which intersects both M1 \N and M2 \N . We
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can assume that the chosen parametrization of the Reeb orbit is such that γ(0) ∈ ∂N ,
and that there are t+ > 0 and t− < 0 such that:
γ(t+) ∈M1 \N and γ([0, t+]) ∈M1 ∪N, (9.26)
γ(t−) ∈M2 \N and γ([t−, 0]) ∈M2 ∪N. (9.27)
This means that in an interval of the origin γ is coming from M2 \ N and going to
M1 \N . It follows from Lemma 9.2 that there exists a unique sequence 0 = t0 < t 1
2
<
t1 < t 3
2
< ... < tn = T such that ∀k ∈ {0, ..., n− 1}:
• γ([tk, tk+ 1
2
]) ⊂Mi for i equals to 1 or 2,
• γ([tk+ 1
2
, tk+1]) ∈ N and there is a unique t˜k ∈ [tk+ 1
2
, tk+1] such that γ(t˜k) ∈ T,
• if γ([tk, tk+ 1
2
]) ⊂Mi then γ([tk+1, tk+ 3
2
]) ⊂Mj for j 6= i.
Notice that γ([t0, t 1
2
]) ⊂ M1 and γ([tn−1, tn− 1
2
]) ⊂ M2. This implies that n is even so
that we can write n = 2n′, and that γ([tk, tk+ 1
2
]) ⊂M1 for k even, and γ([tk, tk+ 1
2
]) ⊂M2
for k odd. For each k ∈ {0, ..., 2n′ − 1} the existence of the unique t˜k in the interval
[tk+ 1
2
, tk+1] for which γ(t˜k) ∈ T is guaranteed from Lemma 9.2 and the fact that T is
the hypersurface that separates M1 and M2.
In order to obtain information on the free homotopy class of (γ, T ) we observe
that for γ([tk, tk+ 1
2
]) coincides with a hyperbolic geodesic segment in T1Si starting and
ending Vr,δ. Therefore, as we have previously seen the homotopy class [γ([tk, tk+ 1
2
])]
in pi1(T1Si, Vr,δ) is non-trivial which implies that γ([tk, tk+ 1
2
]) is a non-trivial relative
homotopy class in pi1(Mi, N). We consider now the curve γ([t˜k, t˜k+1]): it is the concate-
nation of 3 curves, the first and the third ones being completely contained in N and
the middle one being γ([tk, tk+ 1
2
]); from this description and the fact that γ([tk, tk+ 1
2
])
is a non-trivial relative homotopy class in pi1(Mi, N) it is clear that γ([t˜k, t˜k+1]) is also
non-trivial in pi1(Mi, N) (and also non-trivial in pi1(Mi,T)).
We now denote by M˜ the universal cover of M and and pi : M˜ → M a covering
map. From the incompressibility of T it follows that every lift of T is an embedded
plane in M˜ . We denote by N˜0 a lift of N . Because N is a thickened neighbourhood
of an incompressible torus it follows that N˜0 is diffeomorphic to R2 × [−1, 1], i.e. it
is a thickened neighbourhood of an embedded plane in M˜ . Because N separates M in
two components, it follows that N˜0 separates M˜ is two connected components. ∂N˜0 is
the union of two embedded planes P 0− and P 0+ which are characterized by the fact that
there are neighbourhoods V− and V+ of, respectively, P 0− and P 0+ such that pi(V−) ⊂M1
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and pi(V+) ⊂ M2. We will denote by C0− the connected component of M˜ \ N˜0 which
intersects V−, and by C0+ the connected component of M˜ \ N˜0 which intersects V+.
As we saw earlier, [γ([tk, tk+ 1
2
])] is a non-trivial relative homotopy class in pi1(Mi, N).
We show that this class remains non-trivial when seen in pi1(M,N). Let Ti = ∂N ∩Mi.
Because N is obtained by attaching over each point of Ti a small compact interval (i.e
it is a bundle over Ti whose fibers are intervals) it follows that [γ([tk, tk+ 1
2
]) would be
trivial in pi1(Mi,Ti) if, and only if, it is trival in pi1(Mi, N), which is not the case. As
Ti is isotopic to T, it is also an incompressible torus that divide M in two components.
Now, [γ([tk, tk+ 1
2
])] would be trivial in pi1((Mi \ int(N)),Ti) if, and only if, there existed
a curve c in Ti with endpoints γ(tk) and γ(tk+ 1
2
), such that the concatenation γ ∗ c was
contractible in (Mi \ int(N)). Because of the incompressibility of Ti such a curve γ ∗ c
should be contractible in (Mi \ int(N)) if, and only if, it was contractible in M . This
implies that [γ([tk, tk+ 1
2
])] would be trivial in pi1(M,Ti) if, and only if, it was trivial in
pi1((Mi \ int(N)),Ti) which we know not to be the case. Lastly, again because N is
an interval bundle over Ti, it is clear that as [γ([tk, tk+ 1
2
])] is not trivial in pi1(M,Ti) it
cannot be trivial in pi1(M,N), as we wished to show.
Let now γ˜ be a lift of γ such that γ˜(0) ∈ N˜0. We know that γ˜([t2n′− 1
2
− T, t 1
2
]) ⊂
N˜0. It will be useful to us to define the following sequence:
t˜i = qiT + tri , (9.28)
where qi and ri < 2n
′ are the unique integers such that i = qi(2n′) + ri. Associated to t˜i
we associate the lift N˜ i of N , which is determined by the property that γ˜(t˜i) ∈ N˜ i. It
is clear that the sequence N˜ i contains all lifts of N which are intersected by the curve
γ˜(R). For the lifts N˜ i we define the connected components Ci− and Ci+ of M˜ \ N˜ i, and
the planes P i− and P i+ analogously as how we defined them for N˜0. A priori it could be
that for i 6= j we had N˜ i = N˜ j . We will show however, that this cannot happen.
Firstly, N˜0 6= N˜1because γ([t˜0, t˜1]) is non-trivial in pi1(M,N). Also, we have that
N˜1 ⊂ C0− because γ([t0, t 1
2
]) ⊂M1. An identical reasoning shows that N˜2 6= N˜1 and:
N˜2 ⊂ C1+. (9.29)
On the other hand we have that N˜0 ⊂ C1−, because γ˜([t˜0, t 1
2
]) gives a path totally
contained in M˜ \ N˜1 connecting N˜0 and P 1−. As N˜2 ⊂ C1+ and N˜0 ⊂ C1−, we must
have N˜2 6= N˜0. In an identical way, one shows that N˜3 6= N˜1, and more generally that
N˜ i+2 6= N˜ i and N˜ i+1 6= N˜ i. Now for N˜3, we have that N˜3 ⊂ C2−. As γ˜([t˜0, t 3
2
]) is a
path completely contained in M˜ \ N˜2 connecting N˜0 and P 2+ we obtain that N˜0 ⊂ C2+,
and therefore N˜3 6= N˜0.
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Proceeding inductively along this line one obtains that N˜ i 6= N˜0 for all i 6= 0, and
more generally, N˜ i 6= N˜ j for all i 6= j. As a consequence of this, we obtain that the curve
γ˜(R) cannot be homeomorphic to a circle and therefore γ(R) cannot be contractible. We
are ready for the main result of this section.
Proposition 9.3. λFH is hypertight.
Proof: there are two possibilities for Reeb orbits.
Possibility 1: the Reeb orbit γ visits both M1 \N and M2 \N .
In this case, we have just showed above that γ is not contractible.
Possibility 2: the Reeb orbit γ is completely contained in Mi for i ∈ {1, 2} .
In this case, the Reeb orbit does not visit the surgery region B˜. Therefore it existed
also before the surgery as a closed hyperbolic geodesic in Mi \ B˜ = T1Si \ B3η2 . Such a
closed geodesic is non-contractible in T1Si which is diffeomorphic to Mi. We have thus
obtained that γ ⊂Mi is non-contractible in Mi.
Looking now at Mi as a submanifold with boundary of M , we recall that ∂Mi is
an incompressible torus in M . This implies that every non-contractible closed curve in
Mi remains non-contractible in M . Therefore γ is also a non-contractible Reeb orbit for
this case.
9.2.1 Exponential homotopical growth of cylindrical contact homology
for λFH
We proceed now to obtain more information on the properties of periodic orbits of XλFH .
We state the following important fact:
Lemma 9.4. If a Reeb orbit (γ, T ) of λf visits both M1 \N and M2 \N , then any curve
freely homotopic to (γ, T ) must always intersect T.
Proof of lemma: As we saw earlier the lift γ˜ intersects all the elements of the
sequence N˜i (of lifts of N) which satisfy N˜i 6= N˜j for all i 6= j.
Introducing an auxiliary distance d on the compact manifold M (coming from a
Riemannian metric) we obtain an auxiliary distance d˜ on M˜ by pulling d back by the
covering map. It is clear that for i sufficiently big the d˜ distance between N˜±i and N˜0
becomes arbitrarily large. As a consequence, one obtains that for each K > 0 there
exists tK > 0 such that d˜(γ˜(±tK), N˜0) > K.
Let now ζ : [0, T ]→M be closed curve freely homotopic to γ([0, T ]). An homotopy
H : [0, T ] × [0, 1] → M generates an homotopy H˜ : R × [0, 1] → M˜ from a lift γ˜ and
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a lift ζ˜. Using the fact that H is uniformly continuous one proves that there exists a
constant C > 0 such that d˜(H˜({t} × [0, 1]), γ˜(t)) < C for all t ∈ R.
Take now K > 2C. Using the triangle inequality and the facts that d˜((H˜({t} ×
[0, 1])), γ˜(t)) < C and d˜(γ˜(±tK), N˜0) > K we obtain H({tK} × [0, 1]) is always in the
same connected component of γ˜(tK). This implies that ζ˜(R) visits both connected
components of M˜ \ N˜0 and must thus intersect N˜0. Even more, because ζ˜(R) intersects
both components of ∂N˜0 we have that ζ visits both components of M \N and therefore
has to intersect T. This completes the proof of the lemma.
We are now ready for the most important result of this section:
Theorem 9.5. Let (M, ξ(q,c))) be the contact manifold endowed obtained by the Foulon-
Hasselblatt surgery, and λFS be the contact form obtained via the Foulon-Hasselblat
surgery on the Legendrian lift Lr ⊂ T1S. Then λFH is hypertight and its cylindrical
contact homology has exponential homotopical growth.
We divide the proof that CHcyl(M,λFH) has exponential homotopical growth in
steps.
Step 1: A special class of Reeb orbits.
We will obtain our estimate by looking at Reeb orbits which are completely con-
tained in the component M1. As we saw previously such orbits never cross the surgery
region B˜. Thus they are in a region where λFH coincides with λg, and such Reeb or-
bits exist also as closed geodesics in (S1, g). Conversely, every closed geodesic in (S1, g)
does not cross the region B3η2 and thus also exist as Reeb orbit of λFH . This gives a
bijective correspondence between closed geodesics of (S1, g) which are not homotopic to
a multiple of ∂S1 and Reeb orbits of λFH which are completely contained in M1.
Let
∧
(S1) denote the set of free homotopy classes in S1 which are not covers of
[∂S1]. We know that each ρ ∈
∧
(S1) contains exactly one closed geodesic cρ. Letting
γρ be the canonical lift of cρ to T1S1, we know that γρ is a Reeb orbit of λg. As we
saw above each γρ can also be seen as a Reeb orbit of λFH . We will denote by
∧
(S1)
≤T
the set primitive of free homotopy classes in S1 whose unique closed geodesic has period
smaller or equal to T . Because g is hyperbolic it is a well known fact that there exist
constants a > 0, b such that ](
∧
(S1)
≤T ) ≥ eaT+b.
Let Θ :
∧
(S1) →
∧
(T1S1) (where
∧
(T1S1) is the free loop space of T1S1), be
the map which associates cρ to γρ in T1S1. Θ :
∧
(S1) →
∧
(T1S1) is easily seen to be
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injective. Because T1S1 is diffeomorphic to M1 we can also view Θ(
∧
(S1)) as a subset
of the free loop space
∧
(M1) of M1.
Step 2:
Let i : M1 → M be the injection obtained by looking at M1 as a component of
M . As seen before the boundary ∂(i(M1)) = T is an incompressible torus in M . We
consider the induced map of free loop spaces i∗ :
∧
(M1)→
∧
(M). As a consequence of
the incompressibility of ∂(i(M1), the restriction of i∗ to Θ(
∧
(S1)) is injective.
To see that, it suffices to show the following claim: if ζ and ζ ′ are curves in M1
which cannot be isotoped to a curve in ∂M1 and which are in the same free homotopy
class in M , then ζ and ζ ′ are freely homotopic in M1. For ζ and ζ ′ satisfying the
hypothesis of our claim there is a cylinder Cyl in M whose boundary components are ζ
and ζ ′ which intersects ∂M1 transversely. In such a case, Cyl intersects ∂M1 in a finite
collection of curves {wn} which are all contractible in M ; the contractibility of these
curves is due to the fact that both ζ and ζ ′ cannot be isotoped to a curve contained in
∂M1. The incompressibility of ∂M1 implies that these {wn} are all contractible already
in ∂M1. Now, we cut the discs in Cyl whose boundary are the curves cn and substitute
them by discs contained in ∂M1. This produces a cylinder Cyl
′ completely contained in
M1 whose boundaries are ζ and ζ
′. This implies that ζ and ζ ′ were already in the same
free homotopy class in M1, as we wished to show.
From step one, we know that for each ρ ∈ i∗(Θ(
∧
(S1))) there is a Reeb orbit γρ
in ρ.
Step 3: For each ρ ∈ i∗(Θ(
∧
(S1))), the Reeb orbit γρ considered in Step 1 is the
unique Reeb orbit of λFH in ρ.
Let γ be a Reeb orbit in ρ. If it is contained in M1, we know that γ exists also
as a closed geodesic in (S1, g). Using an argument as in step 2 above, it is easy to show
that γ and γρ are freely homotopic in M1, and therefore also in T1S1. Projecting to S1
we obtain that γ and γρ are lifts of geodesics of (S1, g) in a same free homotopy class of
S1. But for each free homotopy class of S1 there is a unique closed geodesic of (S1, g);
this implies that γ = γρ.
Step 3 will now follow if we prove the following claim: every Reeb orbit of λFH
in ρ is completely contained in M1.
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Proof of the claim: if γ was contained in M2 then it would be possible to isotopy
γρ to a curve completely contained in ∂M1. This is impossible by the definition of
∧
(S1).
The only remaining possibility is that γ visit both M1 and M2. In this case, it
has to visit both M1 \ N and M2 \ N (the reason for that is that if γ is completely
contained in Mi ∪N convexity of the hyperbolic metric implies that γ is in Mi). As γ
visits both M1 \N and M2 \N , we know from the Lemma 9.4 that every curve which is
freely homotopic to γ has to intersect the torus T. As γρ does not intersect T it cannot
be freely homotopic to γ which implies that γ /∈ ρ, finishing the proof of step 3.
Step 4: End of the proof.
From the previous steps we know that for each ρ ∈ i∗(Θ(
∧
(S1))), there exists a
unique Reeb orbit γρ ∈ ρ. This implies that for each ρ ∈ i∗(Θ(
∧
(S1))), the cylindrical
contact homology CHcylρ (M,λFH) 6= 0.
Let ρ ∈ i∗(Θ(
∧
(S1)
≤T )). Then as we showed, in the previous steps, the unique
Reeb orbit of λFH in ρ has action smaller or equal than T and CHcylρ (M,λFH) 6= 0.
This implies that:
N cylT (λFH) ≥ ](i∗(Θ(
∧
(S1)
≤T ))). (9.30)
As i∗ restricted to Θ(
∧
(S1)
≤T )) is injective, and Θ is injective we conclude that:
](i∗(Θ(
∧
(S1)
≤T ))) = ](
∧
(S1)
≤T ) ≥ eaT+b. (9.31)
Combining formulas (9.30) and (9.31), we obtain
N cylT (λFH) ≥ eaT+b. (9.32)
Chapter 10
A dynamical obstruction to
planarity of contact 3-manifolds
In this chapter we establish a dynamical obstruction for a contact manifold to be planar.
We then use this obstruction to provide some new examples of non-planar contact 3-
manifolds. All the results in this Chapter were obtained in collaboration with Chris
Wendl.
10.1 Normal first Chern number
In this section we define the normal first Chern number of a pseudoholomorphic building.
This is the main tool which we will use to prove our dynamical obstruction result.
We begin by introducing some notation. Let (S, v˜) denote a finite energy nodal
pseudoholomorphic curve in a symplectization (R×Y, d(esλ), J) or in an exact symplectic
cobordism (W,$, J). Here S = (S, j,Γ,∆) denotes the domain of the pseudoholomorphic
map v˜. The set Γ of punctures of (S, v˜) can be partitioned into two disjoint sets Γ0 and
Γ1 defined in the following manner:
• z ∈ Γ0 if, and only if, the pseudoholomorphic map v˜ is asymptotic at z to a Reeb
orbit with even Conley-Zehnder index,
• z ∈ Γ1 if, and only if, the pseudoholomorphic map v˜ is asymptotic at z to a Reeb
orbit with odd Conley-Zehnder index.
Clearly every element of Γ must be either in Γ0 or Γ1, and can belong to only one of
these sets. The elements of Γ0 are called even punctures and the elements of Γ1 even
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punctures. Assume that all Reeb orbits detected by (S, v˜) are non-degenerate. We
define:
Definition 10.1. The normal first Chern number cN (v˜) ∈ Z of a finite energy nodal
pseudo holomorphic curve (S, v˜) is defined as
2cN (v˜) := ind(v˜)− 2 + 2g + #Γ0, (10.1)
where g is the genus of the compactification S of the domain of (S, v˜).
As explained in [45] the normal first Chern number has a clear intuitive meaning
when the curve v˜ = (a, v) is embedded and lives in a symplectization (M×Y, d(esλ), J).
Because of the R-invariance of the almost complex structure J we have the following
consequence (see [45]): the projection v of the finite energy curve w˜ is an em-
bedded surface in M if, and only if, the normal first Chern number cN (v˜)
vanishes.
In the more general case where the finite energy surface v˜ lives in a symplectic
cobordism W , cN (v˜) has an important role in determining whether v˜ can be part of a
finite energy foliation of W ; see [29, 45].
The normal first Chern number can also be defined for pseudoholomorphic build-
ings. Let u˜ be a pseudoholomorphic building in a symplectization or in an exact sym-
plectic cobordism as defined in sections 3.3.1 and 3.3.2, and denote by S the domain of
u˜. Recall that S = (S, j,Γ,∆, φ) is a partially decorated Riemann surface and that Γ
is the union of positive punctures of the top level u˜ and the negative punctures of the
bottom level of u˜. Just as we did previously in the case of nodal pseudoholomorphic
curves, we partition Γ into the sets Γ0 of even punctures and Γ1 of odd punctures. With
this in mind we define
Definition 10.2. Let u˜ be a finite energy pseudoholomorphic building with domain S
and that detects only non degenerate Reeb orbits at every level. The normal first Chern
number cN (u˜) ∈ Z of the building u˜ is defined by
2cN (v˜) := ind(v˜)− 2 + 2g + #Γ0 (10.2)
where g is the arithmetic genus S, i.e the genus of the compactification S.
We state two formulas of Wendl which are useful tools to compute the normal
first Chern number of a pseudoholomorphic building. The first is Proposition 4.8 of [44],
which relates the normal first Chern number of a pseudoholomorphic curve and of its
multiple covers.
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Proposition 10.3. [44] Let (S, j) be a compact connected Riemann surface, Γ˜ ⊂ S a
finite set and v˜ be a finite energy pseudoholomorphic curve from S\Γ˜ to a symplectization
or an exact symplectic cobordism. Let then (S′, j′) be another compact Riemann surface,
ψ : (S′, j′) → (S, j) a holomorphic map, Γ˜′ := ψ−1(Γ˜) and define w˜ := v ◦ ψ. Then the
normal first Chern number cN (w˜) is given by the formula
cN (w˜) = deg(ψ)cN (v˜) + Z(dψ˙) +Q, (10.3)
where ψ˙ : S \ Γ˜→ S′ \ Γ˜′ is the restriction of ψ to S \ Γ˜, deg(ψ) is the degree of ψ, Z(dψ˙)
is the algebraic count of zeroes of the differential of ψ˙ and Q is a positive number.
The second is a formula which relates the normal first Chern number of a pseudo-
holomorphic building and that of its connected components. It is proved in Proposition
6.4 of [45].
Proposition 10.4. Let u˜ be a pseudoholomorphic building in a symplectization or in
an exact symplectic cobordism whose domain we denote by S. Let N be the number of
connected components of S, and denote by (Sk, jk) for 1 ≤ k ≤ N the distinct connected
components of S. We let u˜k the restriction of u˜ to (Sk, jk), and refer to the maps u˜k as
the components of the building u˜.1 Then the normal first Chern number cN (u˜) satisfies
cN (u˜) =
N∑
i=1
cN (u˜k) +
∑
{z,z}⊂∆br(u˜)
p(γ{z,z}) + #∆N (u˜), (10.4)
where ∆br(u˜) is the set of breaking pairs of u˜, p(γ{z,z}) is the parity of the Reeb orbit
γ{z,z} associated to the breaking pair {z, z}, and ∆N (u˜) is the set of nodes of u˜.
10.2 Holomorphic open book decompositions and diving
sequences
Before defining open book decompositions we introduce some notation. In the solid
torus D × S1, we will call the circle {0} × S1 its core. We consider polar coordinates
(θ, r, ϕ) ∈ (D \ {0})× S1 in the solid torus minus its core.
We denote by O0 the foliation of (D \ {0})× S1 by surfaces which is obtained by
fixing θ and letting r and ϕ vary. O0 is a foliation of (D\{0})×S1 by annuli. Associated
1We remark that one level of u˜ might contain more than one connected component. Note also that
the components of a building are pseudoholomorphic curves in the sense of section 3.2 and not nodal
pseudoholomorphic curves as defined in section 3.3.1.
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to this foliation there is a fibration, which we also denote by O0, that is associated to
the map piO0 : (D \ {0})× S1 → S1 defined in the coordinates considered above by
piO0(θ, r, ϕ) = θ. (10.5)
It is clear that the fibers associated to this fibration are the leaves of the foliation O0,
which is the reason why we use the same notation for these two structures.
Definition 10.5. An open book decomposition O of a compact 3-manifold M is a pair
(B, piO) where B is a link in M and
piO : M \B → S1 (10.6)
is a fibration. Moreover, we demand that for each knot K ⊂ B there exists a neighbour-
hood VK of K and a diffeomorphism τk : (VK ,K) → (D × S1, {0} × S1), such that the
diagram
VK \K
(D \ {0})× S1 S1
piO
τK
piO0
is commutative, where the vertical map on the right side of the diagram is the restriction
of piO to VK \K.
The fibers pi−O1(θ) are all diffeormorphic surfaces, and are called the pages of the
open book decomposition O, while the link B is called the binding. The openbook O is
called planar when its pages have genus 0.
Definition 10.6. A contact form λ on a contact 3-manifold (M, ξ) is said to be sup-
ported by an open book decomposition O of M when the binding B of O is composed
by Reeb orbits of λ, the pages of O are transverse to the Reeb flow of λ, and every tra-
jectory η(t) of Xλ, which is not contained in B, intersects every page of O in infinitely
many positive times and infinitely many negative times.
If (M, ξ) admits a contact form λ supported by an open book O, we will say that
(M, ξ) is supported by O.
Definition 10.7. A holomorphic open book decomposition W of a contact 3-manifold
(M, ξ) is a triple (λ,Fλ,O), where λ is a contact form on (M, ξ) supported by the open
book decomposition O, and Fλ is a foliation by surfaces of R×M which is invariant by
R translations in the first coordinate of R×M and satisfies:
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• a) there exists J ∈ J (λ) such that every leaf of Fλ is the image of a Fredholm
regular embedded finite energy pseudoholomorphic curve in (R×M,J),
• if F is a leaf of Fλ then it is either a trivial cylinder over a Reeb orbit of λ contained
in the binding of O, or it is the image of an embedded pseudoholomorphic curve
(a, u) = u˜ : (S \Γ, j)→ (R×M,J) with only positive punctures whose projection
piM (F )
2 is a page of O, and such that the M -component u : S \ Γ → M is an
embedding.
As it is observed in [2] and [46], if W = (λ,Fλ,O) is a holomorphic open book
decomposition, then O has to be planar. The following important result is shown in [1]
and [46]:
Theorem 10.8. [1, 46] Every planar contact 3-manifold admits a holomorphic openbook
decomposition.
Let now (M, ξ) be a planar contact manifold, and W = (λ,Fλ,O) a holomorphic
open book decomposition for (M, ξ), and J ∈ J (λ) the almost complex structure that
is associated to W as Definition 10.7. We will denote by γ1, ..., γlB be the simple Reeb
orbits of λ which form the binding B of O, i.e, the union of the images of γ1, ..., γlB is
the link B.
Taking λ̂ another non-degenerate contact form on (M, ξ), we denote by f
λ̂
the
function that satisfies λ̂ = f
λ̂
λ. We follow a well known recipe to construct an exact
symplectic cobordism (R×M,$
λ→λ̂) from (max fλ̂+1)λ to λ̂. Take coordinates (s, p) ∈
R×M , and let h : R×M → R be a function satisfying:
• the derivative ∂sh of h is always > 0,
• h(s, p) = ((max f
λ̂
+ 1))es−1 for s ≥ 1,
• h(s, p) = es+1f
λ̂
(p) if s ≥ 1.
We then define $
λ→λ̂ := hλ, and it is easy to check that (R ×M,$λ→λ̂) is an exact
symplectic cobordims from (max f
λ̂
+ 1)λ to λ̂.
On (R ×M,$
λ→λ̂) we consider a cylindrical almost complex structure J˜ which
coincides in [2,+∞) ×M with the almost complex J associated W and that matches
a cylindrical almost complex structure J− ∈ J (λ̂). We will from now on assume that
the J− is chosen so that every pseudoholomorphic curve in (R ×M,J−) all of whose
punctures detect Reeb orbits of λ̂ with action smaller than (max f
λ̂
+1) max1≤k≤nA(γk)
2Here piM : R×M →M denotes the projection on the second coordinate.
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are Fredholm regular. The results of [14] and [7] imply that the set of elements J (λ̂)
satisfying this condition is generic.
Let F be a leaf of Fλ which is not a trivial cylinder over some Reeb orbit con-
tained in B. Then F = Image(u˜F ) where (aF , uF ) = u˜F : (S
2, \Γ, j0) → (R ×M,J)
is an embedded finite energy pseudoholomorphic curve with only positive punctures.
Therefore, the real coordinate aF : S
2, \Γ → R ×M is bounded from below. As the
foliation Fλ is invariant by R translations, we can assume, without loss of generality,
that aF (S
2, \Γ) ≥ 2. This implies that the map u˜F : S2, \Γ→ R×M is also a pseudo-
holomorphic map if we consider in R×M the almost complex structure J˜ , since J and
J˜ coincide in [2,+∞)×M .
Recall that γ1, ..., γlB are the simple Reeb orbits of λ which form the binding B
of O. Then we know that the pseudoholomorphic curve u˜F : (S
2, \Γ, j0) → (R×M, J˜)
is an element of the moduli space M2(γ1, ..., γlB ; J˜). We will denote by M2O(B; J˜) the
connected component of M2(γ1, ..., γlB ; J˜) which contains the u˜F . Because the Reeb
orbits γ1, ..., γlB are all simple, we know that all elements of M2O(B; J˜) are somewhere
injective pseudoholomorphic curves. The results of [14] and [7] imply that we can pick
the almost complex structure J˜ ∈ J (J−, J) such that all elements of M2O(B; J˜) are
Fredholm regular.
It is clear that every element ofM2O(B; J˜) is bounded from below, in the sense that
for every v˜ ∈M2O(B; J˜) there exists a constant Cv˜ such that Image(v˜) ⊂ [Cv˜,+∞)×M .
We denote by min(v˜) the supremum of the set {c ∈ R | Image(v˜) ⊂ [c,+∞) ×M}. It
is clear that for every v˜ ∈ M2O(B; J˜) there exists pv˜ ∈ M such that (min(v˜), pv˜) ∈
Image(v˜).
The following result is proved in [2] and [47]:
Proposition 10.9. There exists a sequence v˜n of elements of M2O(B; J˜) that satisfies
lim
n→+∞min(v˜n) = −∞. (10.7)
For the proof, which we sketch below, we refer the reader to [47].
Sketch of proof:
We argue by contradiction. Assume there exists C such that min(v˜) ⊂ [C,+∞)×M for
all v˜ ∈M2O(B; J˜), and denote by C the supremum of all such C.
Then, there must exist a sequence v˜n ∈M2O(B; J˜) such that limn→+∞min(v˜n) =
C. An argument of Siefring (see [41] and [2]) shows that v˜n must converge to either an
embedded pseudoholomorphic curve v˜ ∈ M2O(B; J˜) or to a nodal pseudoholomorphic
curve. The reason for this is that if v˜n converged to a pseudoholomorphic building v˜
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with multiple levels it would have positive generalised intersection number with elements
of M2O(B; J˜), in the sense defined in [41], something which cannot happen.
Moreover, if v˜ is a nodal pseudo holomorphic curve in R ×M whose punctures
detect some of the Reeb orbits γ1, ..., γlB , then it must have only two connected compo-
nents, both of which are somewhere injective and Fredholm regular, and have Fredholm
index 0 and normal first Chern number 0.
Because v˜n converges to v˜, and limn→+∞min(v˜n) = C we have min(v˜) = C. Wendl
then shows (see step 6 of the proof of Theorem ? in [47]) that in both possible cases
for v˜, there exists an open neighbourhood of Image(v˜) that is foliated by elements of
M2O(B; J˜). This implies that there must exist elements of M2O(B; J˜) whose minimum
is smaller the C, leading to the desired contradiction.
We will call a sequence v˜n of elements ofM2O(B; J˜) for which limn→+∞min(v˜n) =
−∞, a diving sequence.
10.3 Proof of the main result
We start with a Proposition about the behaviour of the normal first Chern number.
Proposition 10.10. Let λ′ be a non-degenerate contact form on a contact 3-manifold
(M ′, ξ′) all of whose Reeb orbits are even, and let J ′ ∈ J (λ′) be a cylindrical almost
complex structure in the symplectization of λ′ such that all somewhere injective finite
energy pseudoholomorhic curves in (R×M ′, J ′) are Fredholm regular. Then, for every
finite energy pseudoholomorphic curve v˜ in (R × M ′, J ′), its normal Chern number
is non-negative. Moreover, if such a pseudoholomorphic curve is not either a simply
covered plane or a trivial cylinder over a Reeb orbit, then its normal Chern number is
positive.
Proof:
Step 1: We prove the first statement in the case where v˜ is simply covered
or a trivial cylinder. It follows from our choice of J ′, that all simply covered
pseudoholomorphic curves (R×M ′, J ′) have non-negative Fredholm index. If v˜ is simply
covered and has only even punctures we use the formula
2cN (v˜) = ind(v˜)− 2 + #Γ0 (10.8)
to treat two possible cases. In the first case, where v˜ is a trivial cylinder over a Reeb
orbit, we apply formula 10.8 to conclude that cN (v˜) = 0. In the second case, where v˜
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is not a trivial cylinder over a Reeb orbit, the non-negativity of cN (v˜) follows from the
fact that both ind(v˜) ≥ 1 and #Γ0 ≥ 1. Notice moreover that in this second case, if v˜
is not a pseudoholomorphic plane we have that both ind(v˜) ≥ 1 and #Γ0 ≥ 2, which
implies that cN (v˜) ≥ 1.
Step 2: We prove the first assertion in the case where v˜ is multiply
covered.
Suppose now that v˜ is a multiply covered pseudoholomorphic curve. Then there exists
a simply covered curve w˜ and a biholomorphism φ : domain(v) → domain(w) such
that v˜ = w˜ ◦ φ. As w˜ has only even punctures and is simply covered we know from
Step 1 that its normal Chern number is non-negative. Using the covering formula of
Proposition 10.3 we obtain
cN (w˜) = deg(φ)cN (v˜) + Z(dφ˙) +Q, (10.9)
where Q and Z(dφ˙) are both non-negative. The non-negativity of cN (w˜) then follows
from this formula and the non-negativity of cN (v˜). This finishes the proof of the first
statement.
Step 3: We prove the second statement.
To prove the second statement, about the positivity of cN if v˜ is not either a simply
covered plane or a trivial cylinder, we consider three distinct cases:
• (a) v˜ is a simply covered pseudoholomorphic curve distinct from a plane and a
trivial cylinder,
• (b) v˜ is a multiple cover of a simply covered pseudoholomorphic w˜ which is not a
trivial cylinder,
• (c) v˜ is a multiple cover of a trivial cylinder w˜.
Case (a): In this case we have that both ind(v˜) ≥ 1 and #Γ0 ≥ 2. Plugging this
in formula (10.8) implies that cN (v˜) ≥ 1.
Case (b): We treat two distinct possibilities. First if the simple curve w˜ is not a
plane then the positivity of cN (v˜) follows from combining the fact that cN (w˜) is positive
(as we showed in Case(a)) with the covering formula (10.9).
If w˜ is a plane then the map φ that satisfies v˜ = w˜ ◦ φ has at least one branch
point, and we conclude that Z(dφ˙) ≥ 1. We then apply the covering formula (10.9) to
obtain that cN (v˜) ≥ 1.
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Case (c): In this case we can assume that the map φ that satisfies v˜ = v˜ ◦ φ
has a branched point, otherwise v˜ would be a trivial cylinder. Thus Z(dφ˙) ≥ 1 and it
follows again from (10.9) that cN (v˜) ≥ 1. This last case finishes the proof of the second
statement.
Theorem 10.11. Let (M, ξ) be a planar contact 3-manifold and λ̂ a non-degenerate
contact form on (M, ξ). Then the Reeb flow of λ̂ either has a Reeb orbit with odd index
or a contractible orbit.
Proof:
Assume that λ̂ has no odd Reeb orbits.
Since (M, ξ) is planar we know from Theorem 10.8 that it admits a holomorphic
open book decomposition W = (λ,Fλ,O). We then consider the exact symplectic cobor-
dism (R×M,$
λ→λ̂) as constructed in the previous section and consider almost complex
structures J ∈ J (λ), J− ∈ J (λ̂) and J˜ in (R ×M,$
λ→λ̂) as in the previous section.
With this in hand we can apply Proposition 10.9 to obtain a diving sequence u˜n of
elements of M2O(B; J˜).
Passing to a subsequence if necessary, we can assume, without loss of generality,
that u˜n converges to a pseudoholomorphic building u˜. From the definition of the normal
Chern number for buildings we know that cN (u˜) = cN (u˜n) = 0.
Siefring’s intersection theory for punctured pseudoholomorphic curves implies that
the building u˜ does not have levels in the symplectization of λ, see Theorem 3.4 in [2]
. We thus know that the top level u˜0 of u˜ lives on the cobordism (R ×M,$
λ→λ̂) and
that all its positive punctures are asymptotic to simple odd Reeb orbits of λ. Therefore
u˜0 is the union of connected simply covered pseudoholomorphic curves all of which have
negative punctures which detect even Reeb orbits. We make the following claim:
Claim: If w˜ is a connected component of u˜0 then cN (w˜) is non-negative.
Proof of the claim:
We first consider the case where w˜ has only one negative puncture. In this case we
must have that ind(w˜) ≥ 1 since w˜ has only one even puncture, and ind(w˜) is non-
negative and has the same parity of #Γ0(w˜). Formula (10.1) then tells us that cN (w˜) =
ind(w˜)− 2 + #Γ0(w˜) ≥ 1− 2 + 1 ≥ 0.
The case wherew˜ has more than one negative puncture is easier. In this case
we have #Γ0(w˜) ≥ 2 (since all negative punctures are even) and ind(w˜) ≥ 0 since w˜
is simply covered and J is generic. It then follows from formula (10.1) that cN (w˜) =
ind(w˜)− 2 + #Γ0(w˜) ≥ 0− 2 + 2 ≥ 0. This finishes the proof of the claim.
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All other levels of u˜ contain only punctures asymptotic to Reeb orbits of λ̂, which
are necessarily even, and Proposition 10.10 tells us that all the connected components of
these other levels have non-negative normal Chern number. We use the convention that
the normal Chern number of a level u˜k which has connected components w˜j is the sum
of the the normal Chern numbers of w˜j . The above claim combined with Proposition
10.10 implies that all connected components of the building u˜ have non-negative normal
Chern number. We will denote by v˜l for l ∈ {1, ..., qu˜} the connected components of u˜.
Because we assumed that λ̂ has only even Reeb orbits we know that all breaking
orbits of the building u˜ are even. This implies that p(γ{z,z}) = 0 for every {z, z} ⊂
∆C(u˜). This combined with the formula from Proposition 10.4 gives us
cN (u˜) =
qu˜∑
l=1
cN (v˜l) + ∆N (u˜). (10.10)
As we know that cN (u˜) = 0 and that all cN (v˜l) ≥ 0, we conclude that ∆N (u˜) must
vanish and that cN (u˜) =
∑
cN (v˜l).
Finally we observe that since 0 = cN (u˜) =
∑
cN (u˜
k) and all cN (u˜
k) are non-
negative, we must have cN (u˜
k) = 0 for all k. This implies that all the components of
u˜k that live in the symplectization of λ̂ are either simply covered finite energy planes or
trivial cylinders over Reeb orbits. Since the bottom level of u˜ lives in the symplectization
of λ̂ and only has positive punctures, we know that all of its connected components
are simply covered pseudoholomorphic planes. Therefore we conclude that there exist
a pseudoholomorphic plane in the symplectization of λ̂ and that λ̂ has at least one
contractible Reeb orbit. We thus conclude that if λ̂ doesn’t have an odd Reeb orbit
than it must have a contractible Reeb orbit.
As an application of Theorem 10.11 we have the following corollary:
Corollary 10.12. Let (M, ξ) be a 3-dimensional contact manifold that admits contact
form λ whose Reeb flow is a transversely orientable Anosov flow.3 Then (M, ξ) is not
planar.
Proof:
Because the Reeb flow of λ is Anosov it is non-degenerate. Moreover, since it is a 3-
dimensional Anosov flow it does not have contractible periodic orbits [19]. As the the
Reeb flow of λ is a transversely orientable Anosov flow it does not posses any odd Reeb
orbits. It follows then from Theorem 10.11 that (M, ξ) is not planar.
3A 3-dimensional Anosov flow is transversely orientable if the strong unstable and stable foliations
of the flow are trivial line bundles.
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In the paper [20], Foulon and Hasselblatt constructed many new examples of
contact 3-manifolds that admit Anosov Reeb flows. As observed by Vaugon [42], the
Anosov Reeb flows constructed by Foulon and Hasselblatt are transversely orientable. As
a consequence of Corollary 10.12 we know that all the examples of contact 3-manifolds
admitting Anosov Reeb flows constructed by Foulon and Hasselblatt are not planar.
In particular this gives examples of infinitely many distinct hyperbolic manifolds which
admit non-planar contact structures.
Chapter 11
Asymptotic detection of
topological entropy via chords
In this chapter we study the topological entropy of Reeb flows restricted to the ω-limit
of Legendrian curves.
11.1 Exponential homotopical growth of the number of
chords and positivity of htop
In this section M will denote a compact manifold. We endow M with an auxiliary
Riemannian metric g, which induces a distance function dg on M , whose injective radius
we denote by g. Let M˜ be the universal cover of M , g˜ be the Riemannian metric that
makes the covering map pi : M˜ → M an isometry, and dg˜ be the distance induced by
the metric g˜. We denote by X a C3 vector field on M with no singularities, and by φtX
the flow generated by X.
Let L and L′ be disjoint embedded submanifolds of M . Take disjoint tubular
neighbourhoods VL and VL′ of, respectively L and L′.1 We choose L > 0 to be a positive
number such that for every p ∈ VL we have dg(p,L) < L. Analogously, we choose L′ > 0
to be a positive number such that for every p ∈ VL′ we have dg(p,L′) < L′ .
We denote by g the injective radius of the Riemannian metric g and define
0 =
min{g, L, L′}
2
. (11.1)
1VL and VL′ are diffeomorphic to disc bundles over, respectively, L and L′. Therefore they admit
deformation retracts to , respectively, L and L′.
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Recall that a chord (ĉ, T̂ ) of the flow φX from L to L′ is a trajectory ĉ : [0, T̂ ]→M
of φX such that ĉ(0) ∈ L and ĉ(T̂ ) ∈ L′. Given a chord (ĉ, T̂ ), the number T̂ is called
the period of the chord (ĉ, T̂ ). We will refer to the chords of the flow φX as X-chords.
Denote by Ω(L→ L′) the set of homotopy classes of paths starting in L and ending
in L′. We define ΩTX(L→ L′) as the set of homotopy classes in Ω(L→ L′) which admit
an X-chord from L to L′ with period smaller than T . In other words
ΩTX(L→ L′) := {ρ ∈ Ω(L→ L′) | there exists an X-chord (cρ, Tρ) ∈ ρ such that Tρ ≤ T}.
(11.2)
Lastly we define
NTX(L→ L′) := #ΩTX(L→ L′). (11.3)
We introduce some notation which will be needed later. Let σ : R → M be a
parametrized trajectory of the flow φX . Given a constant δ˜ > 0 we define the subset
ΥT
δ˜
(σ) ⊂ Ω(M,Λ→ Λ̂) by the following condition:
• ρ ∈ ΥT
δ˜
(σ) if, and only if, there exists a chord (cρ, Tρ) of φX from Λ to Λ̂ with
action/period ≤ T and such that maxt∈[0,T ]{dg(rρ(t), σ(t))} ≤ δ˜ for all t ∈ [0, T ].
For a collection {σi; 1 ≤ i ≤ n} of parametrized trajectories of φX we define
ΥT
δ˜
(σ1, ..., σn) by the condition:
• ρ ∈ ΥT
δ˜
(σ1, ..., σn) if, and only if, there exists a chord rρ of φX from Λ to Λ̂
with action/period ≤ T and such that maxt∈[0,T ]{dg(rρ(t), σi(t))} ≤ δ˜ for some
1 ≤ i ≤ n.
We are now ready to prove the main result of this section.
Theorem 11.1. Using the notation introduced above, suppose that there exists real
numbers a > 0, b and T0 > 0 such that
NTX(L→ L′) ≥ eaT+b, (11.4)
for all T ≥ T0. Then htop(φX) ≥ a. More precisely, if K is a compact set which contains
L and is invariant by φX , then the topological entropy htop(φX |K) of the restriction of
φX to K is ≥ a.
The method for proving the theorem is a variation of the one used to prove The-
orem 5.1.
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Proof: The theorem will follow if we can prove that, under the assumptions of the
theorem, for all 0 < δ < 0
106
we have hδ(φX) ≥ a.
Step 1: Pick 0 < δ < 0
106
. We will denote by V4δ(L′) the 4δ neighbourhood of
the pre-image pi−1(L′) of the submanifold L′ of M , obtained by considering the distance
function dg˜ on M˜ . It is clear that V4δ(L′) can be written as a disjoint union
V4δ(L′)
⋃
L˜′ is a connected component of pi−1(L′)
B4δ(L˜′). (11.5)
Because δ < 0
106
, it follows that there exist a constant k1 such that if B and Bˇ
are distinct connected components of V4δ(L′), then dg˜(B, Bˇ) > k1. It is clear that we
can, by shrinking δ, assume that k1 ≥ 100δ. From now on we fix 0 < δ < 0106 such that
k1 ≥ 100δ.
The norm of the pullback X˜ := pi∗X of X is bounded from above in the g˜.
Combining this with the inequality of the previous paragraph we obtain that there
exists a constant k2 > 0 such that, if σ : [0, Tˇ ] → M˜ is a trajectory of φX˜ such that
σ(0) ∈ B and σ(Tˇ ) ∈ Bˇ, where B and Bˇ are distinct connected components of V4δ(L′),
then Tˇ > k2.
Finally, we deduce from the discussion above the existence of a constant K, which
depends only on g and X, such that for every parametrized trajectory σ : [0, T ] → M˜
of φ
X˜
, the number LT (L′, σ) of distinct connected components of V4δ(L′) intersected by
σ([0, T ]) satisfies:
LT (L′, σ) < KT + 1. (11.6)
Step 2: Given an X-chord (ĉ, T̂ ) from L to L′ we will, by a small abuse of notation,
also denote by ĉ the trajectory obtain by extending the domain of the given X-chord to
all R. We then claim that for every chord (ĉ, T̂ ) we have
#ΥTδ (ĉ) < KT + 1, (11.7)
for the δ fixed in step 1.
To prove that, we first take a lift c˜ of ĉ. We consider the set {Bj | 1 ≤ j ≤ mT (c˜)}
of connected components of V4δ(L′) satisfying:
• Bj 6= Bk if j 6= k,
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• if B is a connected component of V4δ(L′) which intersects c˜([0, T ]) then B = Bj
for some j ∈ {1, ...,mT (c˜)},
• if j < i then Bj is visited by the trajectory c˜ : [0, T ]→ M˜ before Bi.
It follows from step 1, that mT (c˜) < KT + 1.
For each l ∈ ΥTδ (ĉ) pick (cl, Tl) in l to be a X-chord from L to L′, with period
Tl ≤ T , and which satisfies dg(cl(t), ĉ(t)) < δ for all t ∈ [0, T ]. There exists a lift c˜l of cl
satisfying dg˜(c˜l(t), c˜(t)) < δ for all t ∈ [0, T ].
We will show now that c˜(Tl) ∈ V4δ(L′). Because cl(Tl) ∈ L′ and using the triangle
inequality, we obtain:
dg(c˜(Tl), pi
−1(L′)) ≤ dg(c˜(Tl), c˜l(Tl)) + dg˜(c˜l(Tl), pi−1(L′)) = dg(c˜(Tl), c˜l(Tl)) ≤ δ. (11.8)
This implies that c˜(Tl) ∈ V4δ(L′). Moreover, because of our choice of δ, we also have that
c˜l(Tl) and c˜(Tl) belong to the same connected component of V4δ(L′). The reason is that
their distance is so small that they cannot be in distinct connected components V4δ(L′).
This implies that c˜l(Tl)) is in a connected component of V4δ(L′) which is intersected by
c˜([0, T ]). Thus that there is some j ∈ {1, ...,mT (c˜)} such that c˜l(Tl)) ∈ Bj .
As a result we can define a map ΞT,δĉ : Υ
T,δ
X (ĉ) → {1, ...,mT (c˜)} which associates
to each l ∈ ΥT,δX (ĉ) the unique j ∈ {1, ...,mT (c˜)} for which c˜l(Tl) ∈ Bj .
It is immediate to see that if l 6= l′ are elements of ΥT,δX (ĉ), then c˜l(Tl) and c˜l′(Tl′)
must lie in distinct connected components of V4δ(L′). Too see that notice that c˜l(0) and
c˜l′(0) belong to the same lift L0 of L. If c˜l(Tl) and c˜l′(Tl′) belonged to a same connected
component of V4δ(L′), then they would belong to a same lift L′0 of L′. Because M˜ is
simply connected, we would then conclude that c˜l([0, Tl]) and c˜l′([, 0Tl′ ]) are homotopic
as paths from L0 to L′0. But this would imply that the chords (cl, Tl) and (cl′ , Tl′) are
homotopic as paths from L to L′ which contradicts the assumption that l 6= l′.
The discussion of the previous paragraph implies that the map ΞT,δĉ : Υ
T,δ
X (ĉ) →
{1, ...,mT (c˜)} is injective. This gives
#ΥTδ (ĉ) ≤ mT (c˜) ≥ KT + 1, (11.9)
as claimed.
Step 3: Inductive step.
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Let {(ci, Ti); 1 ≤ i ≤ n} be a set of X-chords from L to L′ such that:
• The period Ti of ci is ≤ T for all i,
• maxt∈[0,T ] dg(ci(t), cj(t)) > δ whenever i 6= j,
• The homotopy classes of (ci, Ti) and (cj , Tj) in Ω(L → L′) are distinct whenever
i 6= j.
Then, if n < bNTX(L→L′)
KT+1 c, there exists an element ρn+1 ∈ ΩTX(L → L′) and a chord
(cn+1, Tn+1) in ρn+1 with period Tn+1 ≤ T such that:
• maxt∈[0,T ] dg(cn+1(t), ci(t)) > δ for all 1 ≤ i ≤ n.
To see that this is indeed the case notice that #(ΥTδ (c1, ..., cn)) < n(KT + 1) <
NTX(L→ L′) = #ΩTX(L→ L′). Therefore there exists ρn+1 ∈ ΩTX(L→ L′)\ΥTδ (c1, ..., cn))
and a chord cn+1 in the homotopy class ρn+1 with period Tn+1 ≤ T . The fact that ρn+1 is
not in ΥTδ (c1, ..., cn) implies that the chord cn+1 satisfies maxt∈[0,T ] dg(cn+1(t), ri(t)) > δ
for all 1 ≤ i ≤ n.
Step 4: Obtaining a T, δ-separated set.
Using step 3 we can produce a set {(ci, Ti); 1 ≤ i ≤ bN
T
X(L→L′)
KT+1 c} of X-chords
from L to L′ such that maxt∈[0,T ] dg(ci(t), cj(t)) > δ whenever i 6= j. It is clear that
{ci(0) | 1 ≤ i ≤ b eTa+bKT+1 c} is a T, δ-separated set. We then obtain:
hδ(φX) ≥ lim sup
T→+∞
log(bNTX(L→L′)
K˜T+1
c)
T
≥ lim sup
T→+∞
log(b eTa+b
K˜T+1
c)
T
≥ a. (11.10)
Since the inequality above is valid for arbitrarily small δ < 0
106
, it follows from the
definition of the topological entropy that htop(φ) ≥ a.
Step 5: The second statement of the theorem follows from the fact that if a
compact set K is invariant by φX and contains L, then it contains the T, δ-separated
sets which we constructed in step 4. Repeating then the argument done in step 4 we
obtain that the topological entropy of φX restricted to K is ≥ a.
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11.2 Topological entropy and ω-limits of Legendrian fibers
in unit tangent bundles of higher genus surfaces
We will now apply the results of the previous section to obtain dynamical information
about Reeb flows on unit tangent bundles of higher genus surfaces.
Let S be a surface of genus ≥ 2. As explained in chapter 7 the unit tangent
bundle T1S of S carries a distinguished contact structure ξgeo. This contact structure is
characterised by the fact the for every Riemannian metric g on S, there exists a contact
form λg on (T1S, ξgeo) whose Reeb flow φXλ coincides with the geodesic flow of g.
We will be interested in a special class of Legendrian curves in (T1S, ξgeo). For
every p ∈ S the unit tangent fiber Lp over p is a Legendrian curve in (T1S, ξgeo).
We fix a hyperbolic metric ghyp on S. We denote by λghyp the contact form on
(T1S, ξgeo) whose Reeb flow is the geodesic flow of ghyp. Given another contact form λ
on (T1S, ξgeo) we will denote by fλ the function that satisfies λ = fλλghyp . We are ready
to state the following
Proposition 11.2. Let λ be a contact form on (T1S, ξgeo) and fλ be as defined above.
Then, there exists constants T0, aS and BS (depending only on S) such that for every
point q ∈ S there exist a point q′ 6= q for which
NTXλ(Lq → Lq′) ≥ e
aST
max fλ
+bS (11.11)
for T ≥ T0.
Proposition. Let (Y, ξ) be a contact manifold and L and L̂ be two disjoint Legendrian
submanifolds. Let α0 be a hypertight contact form on (Y, ξ) that is adapted to the pair
(L, L̂). Assume that the strip contact homology LCHst(α0,L → L̂) has exponential
homotopical growth with exponential weight a > 0. Let α be another contact form asso-
ciated to (Y, ξ), and take g > 0 to be the function such that α = gαα0. Then there is
T0 ≥ 0 such that the number NTXα(L → L̂) satisfy
NTXα(L → L̂) ≥ e
aC
max(gα) (11.12)
for all T ≥ T0.
The second is Theorem 5.4 of [3]
Theorem. Given q ∈ S there exists q′ 6= q in S, such that the LCHst(λghyp ,Lq → L̂q′)
has exponential homotopical growth with exponential weight aS.
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It is easy to see that Proposition 11.2 follows immediately from the combination
of these two results.
Recall that given a contact form λ on (T1S, ξgeo) the ω-limit ωλ(Lp) of the of the
Legendrian curve Lp for the Reeb flow of λ is defined as:
ωλ(Lp) := {x ∈ T1S | ∃ a sequence xn ∈ Lp and tn → +∞ such that lim
n→+∞φ
tn
λ (xn) = x}.
(11.13)
As explained in chapter 2 the set ωλ(Lp) is a compact subset of T1S that is invariant by
the Reeb flow of λ.
As a last piece of notation we will denote by µhyp the measure on S induced by the
hyperbolic metric ghyp. We make the following observation regarding the sets ωλ(Lp).
Lemma 11.3. Let λ be a contact form on (T1S, ξgeo). Then, the subset Uλ ⊂ S defined
as
Uλ := {p ∈ S | Lp ⊂ ωλ(Lp)}, (11.14)
is of full measure in S, with respect to the measure µhyp.
Proof:
Step 1: Let Rec(Xλ) be the set of recurrent points of the Reeb flow of λ.
2 Because
φλ preserves the measure µλ∧dλ (generated by the volume form λ ∧ dλ), Poincare´’s
Recurrence Theorem [39] tells us that Rec(Xλ) is of full measure in (T1S, µλ∧dλ).
For q ∈ S let Bq() be a ball centered in q and radius  > 0 with respect to the
metric ghyp. We assume that  is small enough so that Bq() is an embedded disc in S.
There exists then a diffeomorphism ψq : D → Bq(). This map has a canonical lift to
the unit tangent bundles D× S1 and T1Bq() of, respectively, D and Bq().3 We denote
this lift by
ψq : D× S1 → pi−1(Bq()). (11.15)
On D × S1 we consider two measures. The first is the pullback µ1 = ψ∗(µλ∧dλ).
We let c(µ1) := µ1(D × S1), be total measure of D × S1 with respect to µ1. The
second measure we consider is µ2 :=
c(µ1)
2pi3
dx ∧ dy ∧ dθ where ((x, y), θ) ∈ D × S1 are
coordinates. It is easy to check that µ2(D × S1) = c(µ1) := µ1(D × S1). As Rec(Xλ)
has full µλ∧dλ-measure in T1S we conclude that
µλ∧dλ(pi−1(Bq())) = µλ∧dλ(Rec(Xλ) ∩ pi−1(Bq())) = µ1(ψ−1q (Rec(Xλ))) = c(µ1).
(11.16)
2Recall the a point x belongs to Rec(Xλ) if there exists a sequence tn → +∞ such that φλ(xn) = x.
3Here pi : T1S → S is the base point projection.
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The fact that µ1 and µ2 are both smooth measures in D× S1 imply that the 0-measure
sets of these two measures are the same. This implies that ψ−1q (Rec(Xλ)) is also o full
measure for µ2, i.e. µ2(ψ
−1
q (Rec(Xλ))) = c(µ1). Let χψ−1q (Rec(Xλ)) : D× S1 → R be the
characteristic function of ψ−1q (Rec(Xλ)).
Step 2:
For each fiber p ∈ S define Rp := Rec(Xλ) ∩ Lp. Because ψq is the lift to the unit
tangent bundles of the map ψq we can define the set Az ⊂ S1 by
Az := {θ ∈ S1 | ψq(z, θ) ∈ Rψq(z)}. (11.17)
Clearly Az is dense in S
1 if, and only if, Rψq(z) is dense in Lp, since Az = ψ
−1
q (Rψq(z)).
We denote by χAz : S
1 → R the characteristic function of the set Az ⊂ S1. For the
Lebesgue measure µS1 generated by dθ in S
1 we have
µS1(Az) =
∫
S1
χAz(θ)dθ. (11.18)
Using Fubini’s theorem and the fact that ∪z∈D = ψ−1q (Rec(Xλ)) we obtain
µ2(ψ
−1
q (Rec(Xλ))) =
c(µ1)
2pi3
∫
D×S1
χψ−1q (Rec(Xλ))dθ ∧ dx ∧ dy
=
c(µ1)
2pi3
∫
D
(
∫
S1
χAz(θ)dθ)dx ∧ dy =
c(µ1)
2pi3
∫
D
µS1(Az)dx ∧ dy.
Since µS1(Az) ≤ 2pi we have
c(µ1)
2pi3
∫
D
µS1(Az)dx ∧ dy ≥
c(µ1)
2pi3
∫
D
2pidx ∧ dy ≥ c(µ1), (11.19)
and the equality c(µ1) =
c(µ1)
2pi3
∫
D µS1(Az)dx ∧ dy can only happen if µS1(Az) = 2pi for
almost every z in D, with respect to the measure µdx∧dy generated by dx ∧ dy.
Step 3:
We will denote by Bq the subset of D defined by
Bq := {z ∈ D | µS1(Az) = 2pi}. (11.20)
As we showed in step 2 µdx∧dy(Bq) = pi2. Then it is clear that ψq(Bq) ⊂ Bq() has full
measure in Bq(), for the smooth measure (ψq)∗µdx∧dy. As the measure µhyp restricted
to Bq() is also smooth we have
(ψq)∗µdx∧dy(D \Bq) = 0 =⇒ µhyp(Bq() \ ψ−1q (Bq)) = 0, (11.21)
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which shows that ψ−1q (Bq) has full µhyp-measure in Bq().
Step 4: We will show that if p ∈ ψ−1q (Bq) then p ∈ Uλ.
To see that, notice that as p ∈ ψ−1q (Bq) then ψ−1q (p) ∈ Bq. This implies that
Aψ−1q (p) ⊂ S1 is a set of full µS1-measure in S1 and therefore Aψ−1q (p) is dense S1.
As a result we obtain that {ψ−1q (p)} × Aψ−1q (p) is dense in {ψ−1q (p)} × S1, which is
equivalent (since the restriction ψq : {ψ−1q (p)} × S1 → Lp) is a diffeomorphism) to the
set Rp = ψq({ψ−1q (p)} ×Aψ−1q (p)) being dense in Lp.
It is easy to see that every point x ∈ Rp belongs to ωλ(Lp). As ωλ(Lp) is closed
we conclude that
Lp = closure(Rp) ⊂ ωλ(Lp) (11.22)
when p ∈ ψ−1q (Bq).
Step 5: Our preceding discussion can be summarised as follows: every point
q ∈ S has an open neighbourhood Bq() and a subset ψ−1q (Bq) ⊂ Uλ which has full
µhyp-measure in Bq(). This implies that Uλ has full µhyp-measure in S.
We are now ready to prove the main result of this section.
Theorem 11.4. Let λ be a contact form on the unit tangent bundle (T1S, ξgeo) of a
surface S with genus ≥ 2. Let λghyp be a contact form on (T1S, ξgeo) whose Reeb flow is
the geodesic flow of a hyperbolic metric ghyp on S, and fλ be the function that satisfies
λ = fλλghyp. Then for every p in the full µhyp-measure set Uλ, the topological entropy
htop(φXλ |ωλ(Lp)) of the restriction of the Reeb flow φXλ to ωλ(Lp) is ≥ aSmax fλ , where
aS > 0 is a constant that depends only on S.
4
Proof:
The proof is a straightforward combination of Theorem 11.1, Proposition 11.2 and
Lemma 11.3.
By definition, for every p ∈ Uλ we have Lp ⊂ ωλ(Lp). But by Proposition 11.2 there
exists Lp′ such that
NTXλ(Lp → Lp′) ≥ e
aST
max fλ
+bS (11.23)
for T ≥ T0. This combined with the second statement of Theorem 11.1 implies that the
restriction of φXλ to any compact set which is invariant by φXλ and contains Lp already
has topological entropy ≥ aSmax fλ . The fact that ωλ(Lp) is such a compact invariant set
completes the proof of the theorem.
4 aS > 0 is the constant from Proposition 11.2.
Bibliography
[1] Casim Abbas. Holomorphic open book decompositions. Duke Mathematical Jour-
nal, 158(1):29–82, 2011.
[2] Casim Abbas, Kai Cieliebak, and Helmut Hofer. The weinstein conjecture for
planar contact structures in dimension three. Commentarii Mathematici Helvetici,
80:791–793, 2005.
[3] Marcelo Alves. Growth rate of legendrian contact homology and dynamics of reeb
flows. 2014.
[4] Marcelo Alves. Legendrian contact homology and topological entropy. Preprint
arXiv:1410.3381, 2014.
[5] Riccardo Benedetti and Carlo Petronio. Lectures on hyperbolic geometry (1992).
Berlin: Springer.
[6] Fre´de´ric Bourgeois. A Morse-Bott approach to contact homology. PhD thesis, stan-
ford university, 2002.
[7] Fre´de´ric Bourgeois. Contact homology and homotopy groups of the space of contact
structures. Mathematical Research Letters, 13(1):71–85, 2006.
[8] Fre´de´ric Bourgeois. A survey of contact homology. New Perspectives and Challenges
in Symplectic Field Theory. CRM Proc. Lecture Notes, 49:45–71, 2009.
[9] Fre´de´ric Bourgeois, Tobias Ekholm, and Yakov Eliashberg. Effect of legendrian
surgery. Geometry & topology, 16(1):301–389, 2012.
[10] Fre´de´ric Bourgeois, Yakov Eliashberg, Helmut Hofer, Kris Wysocki, and Eduard
Zehnder. Compactness results in symplectic field theory. Geometry and Topology,
7(2):799–888, 2003.
[11] Fre´de´ric Bourgeois and Klaus Mohnke. Coherent orientations in symplectic field
theory. Mathematische Zeitschrift, 248(1):123–146, 2004.
91
Bibliography 92
[12] Rufus Bowen. Entropy for group endomorphisms and homogeneous spaces. Trans-
actions of the American Mathematical Society, 153:401–414, 1971.
[13] Vincent Colin and Ko Honda. Constructions controˆle´es de champs de Reeb et
applications. Geometry & Topology, 9:2193–2226, 2005.
[14] Dragomir Dragnev. Fredholm theory and transversality for noncompact pseudo-
holomorphic mapsin symplectizations. Communications on pure and applied math-
ematics, 57(6):726–763, 2004.
[15] Yakov Eliashberg, A Givental, and Helmut Hofer. Introduction to symplectic field
theory. In GAFA, pages 560–673. Springer, 2000.
[16] John Etnyre and Robert Ghrist. Contact topology and hydrodynamics: I. Beltrami
fields and the Seifert conjecture. Nonlinearity, 13(2):441, 2000.
[17] John B Etnyre. Planar open book decompositions and contact structures. Interna-
tional Mathematics Research Notices, 2004(79):4255–4267, 2004.
[18] Albert Fathi, Franc¸ois Laudenbach, and Valentin Poe´naru. Travaux de Thurston
sur les surfaces. Aste´risque, 332(66-67), 1979.
[19] Se´rgio Fenley. Homotopic indivisibility of closed orbits of-dimensional anosov flows.
Mathematische Zeitschrift, 225(2):289–294, 1997.
[20] Patrick Foulon and Boris Hasselblatt. Contact Anosov flows on hyperbolic 3–
manifolds. Geometry & Topology, 17(2):1225–1252, 2013.
[21] Urs Frauenfelder, Cle´mence Labrousse, and Felix Schlenk. Slow volume growth for
Reeb flows on spherizations and contact Bott–Samelson theorems. arXiv preprint
arXiv:1307.7290, 2013.
[22] Urs Frauenfelder and Felix Schlenk. Volume growth in the component of the Dehn–
Seidel twist. Geometric & Functional Analysis GAFA, 15(4):809–838, 2005.
[23] Urs Frauenfelder and Felix Schlenk. Fiberwise volume growth via Lagrangian in-
tersections. J. Symplectic Geom., 4(2):117–148, 06 2006.
[24] Urs Frauenfelder and Felix Schlenk. Filtered hopf algebras and counting geodesic
chords. Mathematische Annalen, 360(3-4):995–1020, 2014.
[25] Hansjo¨rg Geiges. An introduction to contact topology. Cambridge Univ. Press, 2008.
[26] Michael Handel and William Thurston. Anosov flows on new three manifolds.
Inventiones mathematicae, 59(2):95–103, 1980.
Bibliography 93
[27] Helmut Hofer. Pseudoholomorphic curves in symplectizations with applications
to the Weinstein conjecture in dimension three. Inventiones mathematicae,
114(1):515–563, 1993.
[28] Helmut Hofer, Kris Wysocki, and Eduard Zehnder. Properties of pseudoholomor-
phic curves in symplectisations. i: asymptotics. Annales de l’IHP Analyse non
line´aire, 13(3):337–379, 1996.
[29] Helmut Hofer, Krzusztof Wysocki, and Eduard Zehnder. Finite energy foliations
of tight three-spheres and hamiltonian dynamics. Annals of Mathematics, pages
125–255, 2003.
[30] Umberto Hryniewicz, Al Momin, and Pedro Saloma˜o. A Poincae´-Birkhoff theorem
for tight reeb flows on S3. Inventiones mathematicae, pages 1–90, 2014.
[31] Boju Jiang. Estimation of the number of periodic orbits. Pacific Journal of Math-
ematics, 172(1):151–185, 1996.
[32] Vadim Kaloshin and Maria Saprykina. Generic 3-dimensional volume-preserving
diffeomorphisms with superexponential growth of number of periodic orbits. Dis-
crete and Continuous Dynamical Systems, 15(2):611, 2006.
[33] Anatole Katok. Lyapunov exponents, entropy and periodic orbits for diffeomor-
phisms. Publications Mathe´matiques de l’IHE´S, 51(1):137–173, 1980.
[34] Anatole Katok and Boris Hasselblatt. Introduction to the modern theory of dy-
namical systems. Cambridge, Cambridge, 1995.
[35] Anatole Katok and Boris Hasselblatt. Introduction to the modern theory of dynam-
ical systems, volume 54. Cambridge university press, 1997.
[36] Leonardo Macarini and Felix Schlenk. Positive topological entropy of reeb flows on
spherizations. Mathematical Proceedings of the Cambridge Philosophical Society,
151(01):103–128, 2011.
[37] Al Momin. Contact homology of orbit complements and implied existence. Journal
of Modern Dynamics, 2011.
[38] Gabriel Paternain. Geodesic flows, volume 180. Springer, 1999.
[39] Clark Robinson. Dynamical systems: stability, symbolic dynamics, and chaos. CRC
press, 1995.
[40] Clark Robinson. Dynamical systems: stability, symbolic dynamics, and chaos, vol-
ume 28. CRC press Boca Raton, FL, 1999.
Bibliography 94
[41] Richard Siefring. Intersection theory of punctured pseudoholomorphic curves. Ge-
ometry & Topology, 15(4):2351–2457, 2011.
[42] Anne Vaugon. Contact homology of contact anosov flows. Preprint.
[43] Anne Vaugon. On growth rate and contact homology. Preprint arXiv:1203.5589,
2012.
[44] Chris Wendl. Automatic transversality and orbifolds of punctured holomorphic
curves in dimension four. Commentarii Mathematici Helvetici, 85(2):347–407, 2010.
[45] Chris Wendl. Compactness for embedded pseudoholomorphic curves in 3-manifolds.
Journal of the European Mathematical Society, 12(2):313–342, 2010.
[46] Chris Wendl. Open book decompositions and stable hamiltonian structures. Expo-
sitiones Mathematicae, 28(2):187–199, 2010.
[47] Chris Wendl. Strongly fillable contact manifolds and j-holomorphic foliations. Duke
Mathematical Journal, 151(3):337–384, 2010.
Université Paris-Saclay           
Espace Technologique / Immeuble Discovery  
Route de l’Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France  
 
 
Titre: Sur les relations entre la topologie de contact et la dynamique de champs de Reeb 
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Résumé : L'objectif de cette thèse est 
d'investiguer les relations entre les propriétés 
topologiques d'une variété de contact et la 
dynamique des flots de Reeb dans la variété de 
contact en question. 
 
Dans la première partie de la thèse, nous 
établissons une relation entre la croissance de la 
homologie de contact cylindrique d'une variété 
de contact et l'entropie topologique des flots de 
Reeb dans cette variété de contact. 
Nous utilisons ce résultat dans les chapitres 8 et 
9 pour montrer l'existence d'un grande nombre 
des nouvelles variétés de contact de dimension 
3 dans lesquelles tous les flots de Reeb ont 
entropie topologique positive. 
 
 
 
Dans le chapitre 10, nous prouvons un résultat 
obtenu en collaboration avec Chris Wendl qui 
donne une obstruction dynamique pour q'une 
variété de contact de dimension 3 soit planaire. 
Cette obstruction est utilisée pour montrer que, 
si une variété de contact de dimension 3 
possède un flot de Reeb qui est uniformement 
hyperbolique (Anosov) avec variétés invariantes 
traversalement orientables, alors cette variété de 
contact n'est pas planaire. 
 
Dans le chapitre 11, nous étudions l'entropie 
topologique des flots de Reeb dans les fibrés 
unitaires des surfaces de genre plus grand que 1. 
Nous montrons que la restriction de chaque flot 
de Reeb en  au ensemble limite de presque toute 
fibre unitaire a une entropie topologique 
positive. 
 
 
 
Title: On the relations between contact topology and dynamics of Reeb flows 
Keywords : Symplectic and contact topology, Hamiltonian systems, Topological entropy 
Abstract : In this thesis we study the relations 
between the contact topological properties of 
contact manifolds and the dynamics of Reeb 
flows. 
 
On the first part of the thesis, we establish a 
relation between the growth of the cylindrical 
contact homology of a contact manifold and  
the topological entropy of Reeb flows on this 
manifold.  
We build on this to show in Chapter 6 that if a 
contact manifold M admits a hypertight contact 
form A for which the cylindrical contact 
homology has exponential homotopical growth 
rate, then the Reeb flow of every contact form 
on M has positive topological entropy. Using 
this result, we exhibit in Chapter 8 and 9 
numerous new examples of contact 3-
manifolds on which every Reeb flow has 
positive topological entropy. 
On Chapter 10 we present a joint result with 
Chris Wendl that gives a dynamical obstruction 
for contact 3-manifold to be planar. We then 
use the obstruction to show that a contact 3-
manifold that possesses a Reeb flow that is a 
transversely orientable Anosov flow, cannot be 
planar. 
 
On Chapter 11 we study the topological 
entropy for Reeb flows on spherizations. The 
result we obtain is a refinement of a result of 
Macarini and Schlenk, that states that every 
Reeb flow on the unit tangent bundle U  of a 
high genus surface S has positive topological 
entropy. We show that for any Reeb flow on U, 
the omega-limit of almost every Legendrian 
fiber is a compact invariant set on which the 
dynamics has positive topological entropy. 
 
